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Introduction

Full information two-player graph games [0] are played by two competing play-
ers. The study of these games has been central to reactive synthesis. The two
players we call system and environment alternate to make their moves. This
generates a sequence of interactions. It is expected that this sequence of in-
teractions satisfies certain properties for the system to win. These desirable
properties are expressed as specifications using some formalism. Two-player full
information games are well studied.

There are various approaches to automatic formal synthesis. Church’s syn-
thesis problem asks how a system should respond to the environment’s moves
when specification is regular. System and Environment interact in an interleaved
fashion.

The problem was solved by Biichi and Landweber in 1969. A modern view
of their solution,demonstrated that finite-state procedures suffice to meet the
requirements. It turns out that Church’s Problem can be studied as an infinite
two-player game, where a player’s goal is to satisfy a given state-based winning
condition while producing an output stream in response to the input stream. In
this game-theoretic setting, the synthesis problem reduces to finding a winning
strategy for the system. This perspective connects naturally to well-studied
classes of infinite games—such as safety, reachability, and parity games. Parity
games generalize both safety and reachability by allowing the winning condition
to be defined through an assignment of priorities (non-negative integers) to game
positions. The system wins if the maximum priority that occurs infinitely often
along the play is even. Parity conditions are particularly important because
they can express a wide range of liveness and fairness properties. While there
are polynomial-time algorithms for solving safety and reachability games, no
polynomial-time algorithm is known for solving parity games. Notably, for
all three objectives—safety, reachability, and parity—there always exist zero-
memory (memoryless) strategies: the system can choose its next move based
only on the current state, without needing to remember the history of the play.

In the presence of concurrent components, there has been significant work
aimed at finding logics and algorithms that make the synthesis of reactive sys-
tems both efficient and scalable.

In the foundational work on distributed synthesis [I0] the authors consider
finite-state distributed reactive systems. A set of processes communicates syn-
chronously using a set of single-reader and single-writer variables. Here it is
proved that realizing even propositional specification is undecidable in general,
and non elementarily decidable for a very restricted class of pipeline architec-
ture.

There have been various attempts to incorporate features such as indepen-
dence between distributed components, concurrency, and communication into
a formal computational model. Significant work has focused on models where
components share a causal past—that is, the history of events and decisions
that causally precede and influence a given point in the system’s execution. By



explicitly tracking this causal history, these models can more accurately capture
the partial ordering of events that arises in concurrent and distributed systems.
Works such as [3] [7] have introduced richer models in which processes have
access to their entire causal past, thereby broadening the range of problems that
can be addressed. These models typically rely on asynchronous automata intro-
duced by Zielonka, which operate over Mazurkiewicz traces: algebraic structures
that capture the partial order of concurrent events. In this setting, each process
evolves independently, and synchronizations allow the processes to share their
causal past, enabling coordinated decision-making. In particular, [3] introduced
the notion of causal past and addressed the distributed controller synthesis
problem in series-parallel systems and established that controlled reachability
is decidable. The work [7] introduced systems with connectedly communicating
processes and proved that the MSO theory in this setting is decidable, which
implies that the associated distributed synthesis problems are decidable.

Related Work

Two closely related lines of work are control games and Petri games.

Control games [4] are played on deterministic asynchronous automata over
a distributed alphabet, where processes make decisions based on their causal
past. In such games, processes move independently on disjoint actions and
synchronize on overlapping actions, at which point they share the information
they might have stored in their local states, effectively gaining access to their
entire causal past. The controller synthesis problem is formulated, where the
specification is given over a deterministic asynchronous automaton on traces.
The set of actions is partitioned into controllable and uncontrollable ones. At
any state, a process may block some of the controllable actions, based on its
causal past, while uncontrollable actions can never be blocked. A action can be
executed only if it is allowed by all participating processes.

These games are shown to be decidable in the interesting setting of acyclic ar-
chitectures [4] whose underlying process-communication graph is acyclic. More
general formulations like decomposable games have also been identified and
proven to be decidable. However, the remarkable undecidability results for asyn-
chronous games with simple objectives such as local reachability or termination
or deadlock-freeness, even in systems with six processes, from [5] highlights the
complexity of distributed synthesis problems.

Petri games [2] are distributed games played on Petri nets. The players are
tokens on a Petri net. The places in the underlying Petri net are divided into
system and environment places. Players places make decisions based on their
causal history which they come to know on synchronizations at joint actions.
Several interesting classes of Petri games have been shown to be decidable. In
particular, Petri games with a bounded number of system players against a single
environment player as well as Petri games with a single system player against a
bounded number of environment players are shown to be decidable. Later work
shows that Petri games with global winning conditions are undecidable, even



with only two system players and one environment player. The global winning
condition is chosen to enforce certain linearizations of the parallel runs using it
to encode Post Correspondence Problem. Further work also establishes formal
connections with control games.

Clearly it is desirable to identify different settings of the distributed synthe-
sis problems which are interesting, practically well motivated and render them
decidable.

Our contributions

In this work we propose one such model called asynchronous transition system
games (ATS games). These games are played on a non-deterministic asyn-
chronous transition system involving an environment and a distributed system
composed of cooperating processes. A play is an interleaved sequence of enwvi-
ronment and system moves. The environment acts as a scheduler of actions
without revealing any information about previous scheduling events. The sys-
tem responds by choosing an enabled transition.

To model concurrent behavior formally, we rely on Mazurkiewicz traces [1} [§].
These traces capture causality and concurrency among events distributed across
multiple processes

A trace is a labeled partial order, where events are occurrences of actions
from a distributed alphabet within a finite set of processes. Configurations of a
trace are finite subsets of events that are closed under the causal past relation.

An asynchronous transition system (ATS) A = ({S;}, {->}) over ¥ is defined
by finite non-empty set of local i-states S; and a non-deterministic transition
relation %< S, x S, on the states of participating processes S, = ic10c(a)Si for
each action a € . Each process has its own local states, and transitions only
affect the states of the processes participating in the action, ensuring locality.
A run of A on a trace t starting from an initial state, maps every configuration
of t to a global state, respecting these local transitions.

Importantly, our approach can be viewed as a natural extension of the clas-
sical Biichi-Landweber synthesis method. In the sequential setting, synthesis is
reduced to solving a game on an automaton derived from the specification. We
generalize this idea to the distributed, asynchronous setting by defining games
on non-deterministic asynchronous transition systems. This lifts the automaton-
to-game translation central to classical synthesis into a richer, concurrent frame-
work.

ATS games

Definition 1. The ATS game G = (A, sg, Win) is defined by an asynchronous
transition system A = ({S;},{%}) over a distributed alphabet ¥ on processes

{i1,42...}, an initial global state sg, and a winning condition Win.

A play in an ATS game is the ongoing interaction between the environment
and the distributed system: the environment schedules actions, and the pro-
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Figure 4: An ATS game: unsafe state = {L, L} x U x{Lq, L5}

direction

cesses respond by choosing available transitions, thereby advancing the global
state. For example, under a global safety objective, the system wins if no unsafe
global state is ever reached during the play.

A distributed play is modeled as a tuple consisting of a trace and a run of
the transition system starting from the initial state. The trace captures the
environment/scheduler’s choices, while the run reflects the system/processes’
responses. The processes participating in an action know the entire causal
past before they decide the next state to visit in a play. This is not the case
in controller synthesis problem described earlier. There the individual process
enable or disable a set controllable actions based on their individual causal
past which are then scheduled allowing them to share their causal past. We
formalize the notion of a distributed strategy for the distributed system.

Definition 2. A distributed strategy is a partial function mapping each partial
play to a global state of the ATS that advises the processes on how to respond
to the environment’s actions, based on their collective causal history.

We establish that a distributed strategy is determined by its effect on the
prime traces in its domain. A strategy is winning if all maximal plays conforming
to it are winning.

Our work also introduces and formalizes the notion of a finite-state dis-
tributed strategy, represented by a memory automaton. This automaton de-
terministically specifies the processes’ responses to each environment move and
updates its memory accordingly. A memory automaton thus induces a dis-
tributed strategy, and any play conforming to the automaton also conforms to
the induced strategy.  Our investigation into two process and CDM games
reveals that they admit such a finite-state implementation whenever a winning
strategy exists.

An example illustrates a game where processes must remember past states to
avoid unsafe conditions, demonstrating the need for memory in winning strate-
gies. The example includes a strategy idea that guides the processes’ actions to
ensure a winning play.



Example 3. We consider an example illustrated in Fig. @ In Fig. @(a) system
consists of the processes 1 and 2. The only synchronizations are (Ty,Ty) >

(L1,T%) and (T1,T?) LR (T3, T%) on joint actions a and b. The purely local
transitions are clear from the figure. We now intuitively explain a winning
distributed strategy illustrated in Fig. @( a) whilst using the example of some
partial plays in Fig. [3(b).

The top play begins with the environment choosing the joint action a at
(Th,Tz) and the distributed team advancing the global state to (L1, T4) by choos-
ing the matching transition. This is depicted by event ey, with the environment’s
choice a shown as the left label and the response of participating processes as
the right label. Fvents eo and es occur concurrently, with each participating pro-
cess updating its local state independently, without affecting others. However,
e1 < es and ey < ez, as each of these events shares at least one common partic-
ipating process with ey, establishing a causal dependency. Note that, the local
choices shown in blue text in states T| and T} to choose the same direction as
environment are really made after the first synchronization based on the choice
of the environment shown in red text at joint action a or b.

In the bottom play the choice made in state T| by process 1 is to choose
differently than the environment resulting in the system loosing by visiting an
unsafe state in the partial play given by events {e1, ez, es,eq, €5} as shown by
dotted line labeled cq.

Two processes ATS games

ATS games for a single process correspond directly to classical two-player graph
games. In this setting, there is no concurrency, and the sequential nature of the
game aligns perfectly with standard graph games. Consequently, memoryless
(zero-memory) fixpoint solutions suffice.

This makes the case of two-process games particularly interesting, as the
presence of concurrency fundamentally changes the landscape. For example,
Peterson’s mutual exclusion problem is already relevant at this level: mutual
exclusion itself can be formulated as a global safety objective, while ensuring
liveness for each process naturally leads to local parity objectives.

We discuss strategies and algorithms for solving ATS games with two pro-
cesses under various state-based winning conditions, highlighting both the decid-
ability of winning strategies and the memory structures required to implement
them.

We first consider the global safety objective, where the system wins if no
“bad” global state is ever reached during the play. Next, we study local and
global reachability objectives. In local reachability, each individual process must
eventually visit its own designated goal set at least once during the play. In
contrast, under global reachability, the system wins if there exists a configuration
of the play in which a global goal state is reached simultaneously.

Surprisingly, for none of these objectives do memoryless strategies suffice;
winning strategies necessarily require some form of memory. Nevertheless,



whenever a winning strategy exists, it can always be implemented using a finite
amount of memory, and we describe the precise memory structures needed.
For all these objectives—global safety, local reachability, and global reacha-
bility—we present fixpoint algorithms, inspired by the sequential (single-process)
setting, that rely on the standard notions of traps and attractors from graph
games.
The key results of this section are as follows-

Theorem 5. Consider ATS games with two processes:

1. Deciding the existence of a winning strategy for global safety and local
reachability objectives is NP-complete.

2. Deciding the existence of a winning strategy for global reachability objec-
tives is solvable in NEXPTIME and is PSPACE-hard.

Theorem 6. Consider a two-process game. Whenever there exists a winning
strateqy:

1. For global safety and local reachability objectives, there exists a winning
distributed memory automaton in which each process stores, in its local
memory, the global state at the last synchronization.

2. For global reachability objectives, there exists a winning distributed mem-
ory automaton in which each process stores, in its local memory, both the
global state at the last synchronization point and the set of local states
wisited since that synchronization.

Moreover, these memory automata are optimal. There exist instances of
global safety and local reachability games where every winning strategy neces-
sarily requires a distributed memory automaton whose size is polynomial in the
size of the game. And there also exist instances of global reachability games
where every winning strategy requires a distributed memory automaton whose
size is exponential in the size of the game.

ATS games with a central decision maker

The chapter introduces the concept of Central Decision Maker (CDM) games
within the framework ATS games. In an ATS some actions can be determinisitc
and some may not be determinisitc. An action a is said to be not deterministic if
there exists a state that has at least two distinct a-successors. A set of processes
is called the decision makers if, for every not deterministic action a, at least one
of the processes participates in a.

A game is called a central decision maker (CDM) game if there is exactly
one process that participates in every not deterministic action.

Practical applications of CDM games include version control systems in
which a central decision maker (e.g., a project maintainer) evaluates all change
requests. Systems like Git or SVN can be modeled in this way. These games are



non trivial because, although all system choices are made by a single process, a
winning strategy still requires the active involvement of other processes. Other
process gather and propagate relevant information from the causal past through
synchronization, enabling the central decision maker to act correctly. Our work
essentially addresses all games where all system choices are causally ordered.

Our work shows how to transform sequential strategies from associated se-
quential games into distributed strategies for CDM games, focusing on the ex-
istence of winning strategies under global safety and local parity winning con-
ditions.

We describe the construction of special linearizations of finite traces, which
are central to proving our results for CDM games. In the special linearization,
all events of the CDM process appear as early as possible. As a result, the
response of a sequential strategy along this linearization is based on the least
amount of information available to the central decision maker. We then lift
these sequential responses to construct a distributed strategy. Crucially, the
linearization of the causal past of each CDM event extends that of the preceding
CDM events. This property ensures that the distributed strategy can faithfully
follow the sequential one on CDM events. In fact, on any trace, the distributed
strategy maps the trace to the same global state that the sequential strategy
would reach when run on the special linearization of that trace.

We consider the global safety objective, where as expected the system wins
if no “bad” global state is ever reached during the play. The other winning
condition we explore is local.-parity winning condition A local-parity winning
condition is given by a coloring of CDM local state. The system wins if the
maximum color that occurs infinitely often along the play is even.

The key results of this section are as follows:

Theorem 7. Global safety and local parity CDM games are EXPTIME-complete.

Theorem 8. Consider a CDM game with a global safety or local parity win-
ning condition. Whenever there exists a winning strategy, there also exists a
winning distributed memory automaton in which each process maintains, in its
local memory, its best knowledge of the global state.

Upon synchronization, the participating processes update their knowledge
of the latest global state. They do this by updating, in their local memory,
the stored local state of each process based on which of them most recently
synchronized with that process. This information is provided by a gossip au-
tomaton [9], whose number of states depends only on the number of processes.
Consequently, the size of the memory required by each process is constrained
to be exponential.

Moreover, there exist instances of global safety CDM games where any mem-
ory automaton realizing a winning distributed strategy must have at least an ex-
ponential number of local memory states for the central decision maker. Hence,
these memory automata are optimal.



ATS games with two decision makers

It is natural to ask about the decidability status of ATS games in the presence
of multiple decision making processes. Towards this, we establish the following
theorem.

Theorem 9. ATS games with two decision makers are undecidable.

Our proof of the above theorem uses the key ideas from [5] which showed that
six-process asynchronous control games are undecidable. We revisit the ideas in
the proof of the undecidability of six-process asynchronous control games and
adapt them to the setting of fourteen-process safety ATS games with only two
decision making processes.

As soon as the game allows the system to make choices concurrently in
presence of other deterministic distributed phenomenon, the problem of deciding
whether there exists a winning strategy becomes undecidable—even for safety
objectives. Importantly, enabling such concurrent choices necessarily requires
the game to have two decision-making processes (DMs). Thus, the presence of
two DMs is a legitimate source of undecidability: any game that permits two
genuinely concurrent choices must inherently involve two DMs.

Equivalence with asynchronous control games

We establish an initial connection between control games and asynchronous
transition system (ATS) games by showing that they are equivalent in expressive
power. Control games—well-studied and known to be undecidable—can be
systematically transformed into equivalent ATS games, and conversely, ATS
games can be encoded as control games. This correspondence highlights a close
relationship between the two models and will eventually allow insights from one
to inform the other.

In control games actions are partitioned into controllable and uncontrollable
sets. Each individual process can enable or disable a subset of controllable
actions based on its own causal past; these choices are then scheduled, allowing
processes to share and update their causal pasts. To construct an equivalent
ATS game, we introduce nondeterministic local actions that let each process
select a subset of controllable actions. Subsequently, deterministic transitions
allow the environment to act as a scheduler, determining the next global state,
after which the participating processes exchange their causal pasts.

We next move to the construction of an equivalent control game from given
a ATS game. In this translation, environment moves in the ATS game—where
the environment plays actions—are modeled as uncontrollable actions in the
control game. Controllable actions correspond to joint states for each action in
the ATS game, enabling the system to choose its next move. In an ATS game,
when the environment plays an action, all processes participating in that action
know the entire causal past before deciding on the next state. To capture this in
a control game, each environment move (modeled as an uncontrollable action)



deterministically stores this move in the participating processes, effectively syn-
chronizing their causal pasts. Each process can then enable or disable the next
combined state of the participating processes, which is subsequently scheduled
as a controllable action.

These constructions establish a correspondence between plays in the two
game models, which in turn ensures that strategies and winning conditions are
preserved.

The key result is summarized in the following theorem:

Theorem 10. For any state-based winning condition:

1. Given an ATS game, we can construct a control game with the same num-
ber of processes and a comparable number of actions.

2. Given a control game, we can construct an ATS game with the same num-
ber of processes and a comparable number of actions.

such that there exists a winning strategy in the ATS game if and only if there
exists a winning strategy in the control game.

The equivalence between control games and ATS games has significant im-
plications. It extends the known undecidability results from control games to
ATS games, revealing the inherent complexity of analyzing distributed systems
under these models.

At the same time, this equivalence enables results established for control
games to carry over to ATS games, and vice versa, thereby unifying the two
frameworks. While carrying out such translations may need further investiga-
tion it allows insights from control games to directly enrich our understanding
of ATS games, and vice versa, leading to a more cohesive view of distributed
synthesis.

Conclusion and future directions

In this work, we investigated distributed games in the framework of asyn-
chronous transition system (ATS) games, focusing in particular on two special
cases that naturally arise in this model: two-process ATS games and games
with a central decision maker (CDM). These cases are not only easily formu-
lated within the ATS framework, but also capture practically relevant scenarios
in distributed synthesis. Thanks to the equivalence we established between ATS
games and control games, results obtained in one model can be systematically
lifted to the other, thereby unifying the two frameworks.

For two-process AT'S games, we studied objectives such as global safety, local
reachability, and global reachability. Our results address two aspects: first,
the decidability of whether there exists a winning strategy; and second, the
memory structure of such strategies, where we establish both upper and lower
bounds. Extending these results to more general objectives—such as parity
conditions—offers a natural and interesting direction for future work.



For CDM games—where all non-deterministic choices are controlled by a
single process—we established two main results: first, we proved that deciding
the existence of winning strategies for global safety and local parity objectives
is EXPTIME-complete; and second, we described optimal memory structures
for these strategies whenever they exist. Generalizing these results to w-
regular winning conditions is a natural next step. We expect that analogues of
the Biichi-Landweber theorem should hold—mnamely, that whenever a winning
strategy exists, there is also a finite one. Establishing this formally will be the
subject of future work.

Overall, these contributions answer several fundamental questions and high-
light the need for a richer model that can naturally capture important spe-
cial cases like two-process and CDM games. At the same time, they lay the
groundwork for unifying results across different models of distributed synthesis
and motivate further investigation into more complex winning conditions and
broader classes of distributed games.
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