
Games on Asynchronous Transition Systems

Submitted in partial fulfillment of the requirements

of the degree of

Doctor of Philosophy

by

Nehul Jain
(Roll No. 134050006)

Supervisor:

Prof. Bharat Adsul

Computer Science and Engineering

INDIAN INSTITUTE OF TECHNOLOGY BOMBAY

2025





Dedicated to my beloved parents.













Declaration

I declare that this written submission represents my ideas in my own words and, where

others’ ideas or words have been included, I have adequately cited and referenced the original

sources.

I also declare that I have adhered to all principles of academic honesty and integrity and

have not misrepresented, fabricated, or falsified any idea, data, fact, or source in my submission.

I understand that any violation of the above will be cause for disciplinary action by the

Institute and can also evoke penal action from the sources which have not been properly cited,

or from whom proper permission has not been taken when needed.

I further declare that I have not used any modern AI tools or any other similar tools

for writing the thesis.

(Signature of the Candidate)

Nehul Jain

134050006

Date:





INDIAN INSTITUTE OF TECHNOLOGY BOMBAY, INDIA

CERTIFICATE OF COURSE WORK

This is to certify that Nehul Jain (Roll No. 134050006) was admitted to the

candidacy of Ph.D. degree on 16 July 2013, after successfully completing all

the courses required for the Ph.D. programme. The details of the course work

done are given below.

S.No Course Code Course Name Credits

1 CS 713 Special Topics in Automata and Logics 6

2 CS 735 Formal Models for Concurrent and Asynchronous Systems 6

3 CSS 801 Seminar 4

4 GC 101 Gender in the Workplace PP

Total Credits 16

IIT Bombay

Date: Dy. Registrar (Academic)





Abstract

This thesis introduces and develops a novel framework of asynchronous transition system (ATS)

games played on non-deterministic asynchronous automata involving multiple processes. This

game is played between an environment and the distributed team of processes where each pro-

cess has only partial information of the ongoing play – namely its causal past. The key algo-

rithmic question is to decide the existence of a distributed co-operative winning strategy for

the team of processes. In order to represent finite-state distributed strategies, we formulate dis-

tributed memory automata, which deterministically specify responses to environment moves

and update local memory states accordingly.

We carry out a thorough analysis of these games in the special case of two processes. For

safety and local reachability objectives, finite memory suffices, with processes remembering

only the last global synchronization and are shown to be NP-complete. For global reachabil-

ity, additional memory of all local states since the last synchronization is required. For global

reachability, the complexity increases sharply: the problem is PSPACE-hard with an NEXP-

TIME upper bound.

We also study CDM games which feature a central decision maker process that partici-

pates in all key decision making tasks. We show that the problem of deciding the existence

of a distributed winning strategy is tractable for global safety and local parity objectives and

are EXPTIME-complete. A central insight is a transformation from sequential strategies in as-

sociated graph games into distributed strategies for CDM games, achieved through a careful

linearization of causal pasts. Our findings offer new insights into the memory requirements

and the strategic complexities of these distributed games. We provide novel constructions of

finite-state distributed winning strategies for these objectives by employing gossip automaton

to update their best knowledge of the global state during synchronization. We also establish

optimality by showing instances where that decision maker process do require local memory

exponential in the number of processes.
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The picture changes fundamentally when multiple decision makers are introduced: ATS

games with two independent decision makers are shown to be undecidable, even for simple

safety objectives. This result, proved via an adaptation of asynchronous control game tech-

niques, underscores the intrinsic hardness of concurrency in decision making.

It turns out ATS games are equivalent to recently studied asynchronous control games,

where actions are partitioned into controllable and uncontrollable sets and processes are al-

lowed to block controllable actions. We present translations in both directions, indicating that

undecidability and complexity results transfer between the two models.
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Chapter 1

Introduction

Full information two player graph games [Grädel et al., 2002] are played by two compet-

ing players. The study of these games has been central to reactive synthesis. The two players,

we call system and environment, alternate to make their moves. This generates a sequence of

interactions. It is expected that this sequence of interactions satisfies certain properties for the

system to win. These desirable properties are expressed as a specification using some formal-

ism.

Two player full information games are well studied and provide the foundation for reac-

tive synthesis, where the system is required to respond correctly to all possible behaviors of

the environment. A landmark formulation of this problem is Church’s synthesis question (see

[Thomas, 2008]), posed in 1957, which asks whether it is possible to algorithmically construct

a finite-state procedure that transforms an infinite input sequence α into an output sequence β

so that the pair (α,β ) satisfies a given logical specification. These specifications are usually

expressed in monadic second-order logic (MSO) over the structure (N,+1), also known as S1S.

Unlike standard program design, where inputs and outputs are related only at the beginning

and end of a computation, Church’s formulation requires the transformation to be carried out

bit by bit: at every time step t, the procedure must produce the output β (t) immediately after



receiving the input α(t). Moreover, the solution must be realized by a finite-state device such

as a Mealy automaton, which operates with bounded memory and processes inputs and outputs

in real time.

The specifications express logical relations between the two streams of bits. Typical ex-

amples include safety requirements such as “every time an input is 1, the output must also

be 1” (∀t(α(t) = 1 → β (t) = 1)), liveness conditions such as “the output never produces two

consecutive zeros” (¬∃t(β (t) = β (t + 1) = 0)), and fairness constraints requiring that certain

events recur infinitely often. Importantly, the problem concerns non-terminating computations:

infinity arises not from unbounded data, but from the passage of time, since the input-output

process continues without end. The central task is therefore to construct a finite-state machine

that satisfies the specification, or to prove that no such machine exists.

The problem was elegantly solved by Büchi and Landweber (see [Thomas, 2008]) in 1969,

who showed that for every S1S specification one can effectively decide whether a solution

exists, and if so, construct a finite-state procedure that realizes it.

A modern view of their solution [Thomas, 2008] uses the connections between logic,

automata, and infinite two-player games. First, the logical specification ϕ(X ,Y ) is translated

into a deterministic parity automaton over infinite words, which accepts exactly those input-

output pairs that satisfy the requirement. This automaton is then interpreted as a game in which

two players move alternately: Player A (the environment) supplies the input bits, while Player B

(the system) produces the outputs. Player B’s goal is to satisfy a given state-based winning

condition while producing an output stream in response to the input stream (given by the

environment). In this game-theoretic setting, the synthesis problem reduces to finding a winning

strategy for the system (player B).

This perspective connects naturally to well-studied classes of infinite games on graphs—such

as safety, reachability, and parity games. Parity games generalize both safety and reachability by

allowing the winning condition to be defined through an assignment of priorities (non-negative

integers) to game positions. The system wins if the maximum priority that occurs infinitely of-

ten along the play is even. Parity conditions are particularly important because they can express

a wide range of liveness and fairness properties. While there are polynomial-time algorithms

for solving safety and reachability games, no polynomial-time algorithm is known for solving

parity games. Notably, for all three objectives—safety, reachability, and parity—there always
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exist zero-memory (memoryless) uniform(initial-state independent) strategies: the system can

choose its next move based only on the current state, without needing to remember the history

of the play.

This automaton-to-game view of synthesis has proved remarkably robust in the sequential

setting. However, when concurrency and distribution are introduced, the sequential model no

longer suffices: processes have only partial views of their past, and actions may occur asyn-

chronously. Our model, asynchronous transition system games (ATS games), can be seen as an

extension to these sequential games. Instead of playing on a sequential automaton, the game is

played on a non-deterministic asynchronous transition system that models distributed processes

and concurrency explicitly. This generalization allows us to capture richer distributed synthesis

problems beyond the purely sequential setting addressed by Büchi and Landweber.

The design and analysis of concurrent programs and distributed protocols present signifi-

cant challenges, which have motivated extensive research on extending synthesis techniques to

distributed settings. In this context, synthesis refers to the automatic construction of correct-by-

design implementations that interact with their environment while satisfying specified behav-

ioral requirements. To address these challenges, researchers have explored a variety of logical

formalisms, game models, and algorithmic approaches, aiming to make distributed synthesis

both expressive and tractable.

Related Work

In the sequential setting, a rich body of work has developed logics and algorithms that make the

synthesis of reactive systems possible. However, once concurrency is introduced, the problem

becomes substantially more intricate: processes operate with only partial views of their past

and communication can be restricted. These factors have motivated extensive research into

models and frameworks that can capture distributed behaviors while still admitting algorithmic

analysis.

In the foundational work on distributed synthesis [Pnueli and Rosner, 1990] the authors

consider finite state distributed reactive system. A set of processes communicate synchronously

using a set of single reader/writer variables. Propositional Temporal specification (PTL/LTL)

3



that is to be realized is given over the set of input, output variables. In this setting when pro-

cesses have access to only purely local information and limited communication capabilities the

problem of distributed synthesis is proved to be undecidable in general, and non elementarily

decidable for a very restricted class of pipeline architecture.

There have been various attempts to incorporate features such as independence between

distributed components, concurrency, and communication into a formal computational model.

Significant work has focused on models where components share a causal past—that is, the

history of events and decisions that causally precede and influence a given point in the system’s

execution. By explicitly tracking this causal history, these models can more accurately capture

the partial ordering of events that arises in concurrent and distributed systems.

Works such as [Gastin et al., 2004; Madhusudan et al., 2005; Genest et al., 2013; Muscholl

and Walukiewicz, 2014; Finkbeiner and Olderog, 2017; Gimbert, 2017; Adsul and Jain, 2025a]

have introduced richer models in which processes have access to their entire causal past, thereby

broadening the range of problems that can be addressed. These models typically rely on asyn-

chronous automata introduced by Zielonka [Zielonka, 1987], which operate over Mazurkiewicz

traces: computation structures that capture concurrency and causal dependence using partial

order of events [Diekert and Rozenberg, 1995; Mukund, 2012]. In this setting, each process

evolves independently, and synchronizations allow the processes to share their causal past, en-

abling coordinated decision-making. In particular, [Gastin et al., 2004] introduced the notion of

causal past and addressed the distributed controller synthesis problem in series-parallel systems

and established that controlled reachability is decidable. The work [Madhusudan et al., 2005]

introduced systems with connectedly communicating processes and proved that the MSO the-

ory in this setting is decidable which implies that the associated distributed synthesis problems

are decidable.

Two closely related contemporary lines of work are control games [Genest et al., 2013]

and Petri games [Finkbeiner and Olderog, 2017]. Both frameworks aim to capture the chal-

lenges of distributed decision making under partial information, where individual processes

have access only to their causal past and can coordinate solely through synchronization. While

control games are formulated on asynchronous automata and emphasize controller synthesis in

distributed architectures, Petri games extend Petri nets with a game-theoretic interpretation in

which tokens act as players carrying information. These frameworks capture partial-information
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strategies and yield decidability in certain constrained cases, but also establish strong undecid-

ability results even for simple objectives with constant number of processes. We briefly outline

these two approaches below.

Control games [Genest et al., 2013] are played on deterministic asynchronous automata

over a distributed alphabet, where processes make decisions based on their causal past. In such

games, processes move independently on disjoint actions and synchronize on overlapping ac-

tions, at which point they share the information they might have stored in their local states,

effectively gaining access to their entire causal past. The controller synthesis problem is formu-

lated, where the specification is given over a deterministic asynchronous automaton on traces.

The set of actions is partitioned into controllable and uncontrollable ones. At any state, a pro-

cess may block some of the controllable actions, based on its causal past, while uncontrollable

actions can never be blocked. An action can be executed only if it is allowed by all participating

processes.

These games are shown to be decidable in the interesting setting of acyclic architectures

[Genest et al., 2013; Muscholl and Walukiewicz, 2014] whose underlying process-communication

graph is acyclic. More general formulations like decomposable games [Gimbert, 2017] have

also been identified and proven to be decidable. However, the remarkable undecidability re-

sults for asynchronous games with simple objectives such as local reachability or termination

or deadlock-freeness, even in systems with six processes, from [Gimbert, 2022] highlights the

complexity of distributed synthesis problems.

Petri games [Finkbeiner and Olderog, 2017] are distributed games defined on Petri nets,

where places are divided into system and environment places, and the players are represented

by tokens. In Petri nets, causality is modeled by the flow of tokens; hence tokens naturally

serve as carriers of information. While players in concurrent places have no knowledge of

each other, synchronization at a joint transition allows them to exchange information: each

participant learns the causal history of the others, i.e., all places and transitions on which the

joint transition depends.

Strategies in Petri games are defined on the unfolding of the net. Unfoldings separate

places reached through different causal histories into distinct copies, so that whenever a place is

reachable by two distinct paths, it is split. A strategy then prescribes which transitions system

places may refuse, based on the causal histories revealed at synchronizations. In this way,
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strategies describe consistent fragments of possible behaviors of the Petri net.

Several classes of Petri games have been shown decidable: in particular, games with a

bounded number of system players against one environment player [Finkbeiner and Olderog,

2017], and games with one system player against a bounded number of environment players

[Finkbeiner and Gölz, 2018]. However, later work [Finkbeiner et al., 2021] proved undecid-

ability for Petri games with global winning conditions, even with only two system players and

one environment player. The undecidability arises because global conditions can enforce spe-

cific linearizations of parallel runs, which suffices to encode the Post Correspondence Problem.

Further work [Beutner et al., 2019] also establishes formal connections with control games.

Contributions

In this thesis, we introduce the framework of asynchronous transition system (ATS) games as a

formal model for studying distributed synthesis in concurrent systems. An ATS game, denoted

G = (A,s0,Win), consists of an asynchronous transition system A, which specifies local states

and transitions for distributed processes over a distributed alphabet Σ; an initial global state

s0; and a winning condition Win, describing the objective of the system (for example, safety

or reachability). A play is an interleaved sequence of environment and system moves. The

environment acts as a scheduler of actions without revealing any information about previous

scheduling events. The processes comprising the system, on the other hand, have only partial

information and must respond by choosing an enabled transition based solely on their collective

causal past. For instance, under a global safety objective, the system wins if no unsafe global

state is ever reached during a play.

A distributed strategy is formalized as a partial function mapping each partial play to a

global state, thereby advising processes on how to respond to the environment’s actions based

on their causal history. A strategy is winning if all maximal plays conforming to it satisfy the

winning condition. The work introduces memory automata to represent finite-state distributed

strategies. This provides a concrete mechanism for encoding causal dependencies. These au-

tomata deterministically specify responses to environment moves and update local memory

states accordingly. The formal definition of ATS games and the basic framework, including the
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concepts of plays and strategies, are developed in Chapter 2.

Mutual exclusion protocols are interesting even in the two-process setting, where they ad-

mit a non-trivial solution. Motivated by this, we explore various winning conditions in the two

process setting. We also study CDM games, where a single process participates in and thereby

controls all non-deterministic choices. This model has practical relevance for distributed sys-

tems, with version control systems (e.g., SVN) serving as a notable example. Finite-state dis-

tributed strategies are particularly significant in both two-process games and Central Decision

Maker (CDM) games, as we provide their algorithmic construction for the winning conditions

we address.

The study establishes several results for two-process ATS games, where concurrency

makes the problem more complex than in single-process games (which align with classical

graph games). For safety, local reachability, and global reachability objectives, memoryless

strategies are insufficient. Nevertheless, finite memory suffices: for safety and local reacha-

bility, processes need only store the last global state from synchronization, while for global

reachability, processes must additionally remember all local states visited since the last syn-

chronization. Deciding the existence of winning strategies is NP-complete for safety and local

reachability, and NEXPTIME-solvable (and PSPACE-hard) for global reachability. These re-

sults are developed in Chapter 3.

Our study also analyzes CDM games, where a single process controls all non-deterministic

choices, while the other processes propagate causal information. Despite centralization, all pro-

cesses remain active participants by synchronizing and exchanging information. It is shown

that winning strategies for safety and parity objectives are EXPTIME-complete. All processes

track their best knowledge of the global state and update it during synchronizations via a gossip

automaton. We also show that optimal memory automata for the decision maker do require ex-

ponential local memory for at least the CDM process. Our work demonstrates how sequential

strategies from associated sequential games can be systematically transformed into distributed

strategies for CDM games, with a focus on the existence of winning strategies under global

safety and local parity conditions. This transformation critically depends on selecting a suit-

able linearization of finite traces that capture the causal past. These results are presented in

Chapter 4.

The introduction of multiple decision makers fundamentally complicates ATS games: this
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thesis proves that ATS games with two decision makers are undecidable, even for basic safety

objectives. The proof adapts techniques from asynchronous control games, showing that con-

currency in decision-making inherently leads to undecidability. These results are presented in

the later sections of Chapter 4.

A further contribution is the demonstration that ATS games are equivalent in expressive

power to control games, where actions are partitioned into controllable and uncontrollable sets.

The equivalence is established by mutual transformations. In fact, for any state-based winning

condition, ATS games and control games are equivalent in power. More precisely, starting

from an ATS game, we can build a control game with the same number of processes and a

comparable number of actions, and vice versa. Given a control game to construct an equivalent

ATS game, we introduce nondeterministic local choice actions that let each process select a

subset of controllable actions as there next state. Given an ATS game an equivalent control

game is constructed by modeling environment moves as uncontrollable actions. To establish

the equivalence we prove that, a winning strategy exists in the control game if and only if a

winning strategy exists in the corresponding ATS game and vice versa. This equivalence implies

that undecidability results for control games extend to ATS games, and also that techniques

and complexity results can transfer between the two frameworks, unifying distributed synthesis

approaches. This equivalence is established in Chapter 5.
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Chapter 2

The ATS game model

In this chapter, we propose our model called asynchronous transition system games (ATS

games). These games are played on a non-deterministic asynchronous transition system involv-

ing two entities: a distributed system composed of cooperating processes and an environment.

A play is an interleaved sequence of environment and system moves.

The environment is a singular entity and manifests itself in the form of a scheduler of

actions. It is very important to keep in mind that the environment is simply a scheduler and

does not reveal any information about prior scheduling events. The system responds to this

scheduling of actions by selecting enabled transitions based on the observed history.

To formally capture concurrent behavior, we rely on Mazurkiewicz traces [Diekert and

Rozenberg, 1995; Mukund, 2012], which model causality and concurrency among events dis-

tributed across multiple processes. These traces, together with the notion of asynchronous

transition systems that we describe in the coming section, form the basis of our model.

In the section that follows, we define ATS games and describe the interleaved semantics of

a play. We illustrate the model with an example, and introduce the notion of a system strategy as

a function from past history to future moves. We also formalize finite-state distributed strategies,
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represented by memory automata. Finally, we state the objective of the game: deciding whether

there exists a winning strategy for the system, and describe one when it exists—topics that are

explored in detail for specific instances in the subsequent chapters.

2.1 Preliminaries and conceptual framework

In this section, we set up the basic notations about (Mazurkiewicz) traces (see [Diekert and

Rozenberg, 1995]). A trace is a well-established model of a concurrent behaviour in which

the causality and concurrency information between events (occurrences of actions, distributed

across a set of processes) is captured as a labelled partial order. Asynchronous transition systems

ATS, proposed by Zielonka, are finite-state distributed devices that operate on these traces.

2.1.1 Introduction to traces

Let P be a finite non-empty set of processes. We let i range over P and use {Xi} to denote

a P-indexed family {Xi}i∈P . A distributed alphabet over P is a family Σ̃ = {Σi} of finite

sets. Let Σ =
⋃

i∈P Σi be the total alphabet, that is, the set of all actions. For a ∈ Σ, we set

loc(a) = {i ∈ P | a ∈ Σi}. Thus loc(a) is the set of processes which participate in the action a.

We let I = {(a,b)∈ Σ×Σ | loc(a)∩ loc(b) = /0} and D= (Σ×Σ)\I be the induced independence

and dependence binary relations on Σ respectively. Let (X ,≤) be a poset. Then, for a subset

Y ⊆ X , the down-set of Y is ↓ Y = {x ∈ X | ∃y ∈ Y : x ≤ y}. For a single element x ∈ X , we set

↓x = ↓{x} and ⇓x = ↓x\{x}.

Definition 2.1. A trace over Σ̃ is a Σ-labelled poset t = (E,≤,λ ) where,

• E is a (possibly infinite) set of events and λ : E → Σ is a labelling function.

• ≤ is a partial order on E such that

– for each e,e′ ∈ E, (λ (e),λ (e′)) ∈ D implies e ≤ e′ or e′ ≤ e.

– for each e,e′ ∈ E, e⋖e′ implies (λ (e),λ (e′))∈ D, where e⋖e′ if e < e′ and for each

e′′ with e ≤ e′′ ≤ e′, either e′′ = e or e′′ = e′.
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Figure 2.2: A trace with labelled events: There are 4 processes. A process line represents the

sequence of actions in which the corresponding process participates. Each event is represented

by a rectangle with its tied action inside.

– for each e ∈ E,↓e is finite where ↓e = { f ∈ E| f ≤ e}.

Let t = (E,≤,λ ) be a trace over Σ̃. Recall that the elements of E are referred to as events

in t and for an event e in t, loc(e) abbreviates loc(λ (e)). Let i ∈ P . The set of i-events in t is

Ei = {e ∈ E | i ∈ loc(e)}. This is the set of events in which process i participates. It is clear that

Ei is totally ordered by ≤. We write loc(t) = {i ∈ P | Ei ̸= /0} to denote the set of processes

which participate in some event in t. It is easy to see that loc(t) = ∪e∈E loc(e). Further,

ωloc(t) = {i ∈ P | Ei is infinite} denotes the set of of processes which participate in infinitely

many events in t.

Example 2.3. A trace with 9 events {e1,e2, ...} over 4 processes with P = {1,2,3,4} is

shown in Fig. 2.2 over a distributed alphabet Σ̃ = {Σi}i∈P . Here Σ1 = {a4,a5,a6} and Σ2 =

{a1,a3,a6} and so on. Each process is indicated by a horizontal line and time flows rightward.

Each event is represented by a vertical box and is labelled by a letter in Σ= {a1,a2,a3,a4,a5,a6}.

Some events such as e2 are purely local to a single process. Dots in synchronizing events indi-

cate the participating processes. It is easy to infer causality relation (≤) looking at the diagram,

for example, e1 < e4 < e5 < e7 < e8. We can also infer which events are concurrent (not related

by ≤): for example, event e6 is concurrent to events e5,e7, while the pairs of events e4,e5 and

e1,e4 are causally ordered by process 3 and process 2, respectively.

Let TR(Σ̃) denote the set of all traces over Σ̃. As the distribution of Σ across processes

will be clear from the context, we use the shorthand Σ instead of Σ̃. So we use TR(Σ) instead

of TR(Σ̃). Henceforth a trace means a trace over Σ̃ unless mentioned otherwise and we further

abbreviate TR(Σ) by TR. A trace is finite if the underlying set of events is finite. We use TR∗(Σ)

and TRω(Σ) (or simply TR∗ and TRω ) to denote the set of all finite and infinite traces.
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Now we describe the important operation of concatenation of traces. Let t = (E,≤,λ ) and

t ′ = (E ′,≤′,λ ′) be finite traces, that is, elements of TR∗. We define tt ′ ∈ TR∗ to be the trace

(E ′′,≤′′,λ ′′) where

• E ′′ = E ∪E ′,

• ≤′′ is the transitive closure of ≤∪≤′∪{(e,e′) ∈ E ×E ′ | (λ (e),λ ′(e′)) ∈ D},

• λ ′′ : E ′′ → Σ where λ ′′(e) = λ (e) if e ∈ E; otherwise, λ ′′(e) = λ ′(e).

This operation of trace concatenation gives TR∗ a monoid structure. The empty trace ε

denotes the identity of the monoid TR∗. Observe that, with a (resp. b) denoting the singleton

trace whose only event is labelled a (resp. b), if (a,b) ∈ I then ab = ba in TR∗.

The trace concatenation operation on finite traces can also be defined for infinite traces

under certain conditions. We explain this now. The above mentioned definition of tt ′ results

in a valid trace if t is finite. That is, if t ∈ TR∗ and t ′ ∈ TR then tt ′ ∈ TR. Moreover, if

t, t ′ ∈ TR are such that ωloc(t)∩ loc(t ′) = /0, then tt ′ ∈ TR. It is easy to see that, in this case,

ωloc(tt ′) = ωloc(t)∪ωloc(t ′). We say that a trace t ′ is a prefix of a trace t if t = t ′t ′′ for some

trace t ′′. It is important to observe that this definition permits a prefix to be infinite.

Configuration We now come to the very important notion of a configuration of a trace t =

(E,≤,λ ). Recall that for X ⊆ E, we let ↓X = {y ∈ E | y ≤ x for some x ∈ X}. For e ∈ E,

↓e = ↓{e} is the causal past of e and ⇓e = ↓e \ {e} is the strict causal past of e. A subset

c ⊆ E is a configuration of t if c is finite and ↓c = c. Note that, if we restrict the trace t to

a configuration c, we get another finite trace tc = (c,≤,λ ) which turns out to be a prefix of t.

Conversely, given a finite prefix t ′ of t, we can identify a configuration c of t such that t ′ = tc. In

this sense, configurations of t are essentially finite prefixes of t. Examples of configurations (or,

equivalently, finite prefixes) are the empty set /0 (corresponding to trace ε), ↓e or ⇓e, for every

event e ∈ E. Note that E itself is a configuration of t iff t is finite.

We let Ct denote the set of all configurations of t. The action based successor relation

→t ⊆Ct ×Σ×Ct is defined by c a−→t c′ if and only if there exists e∈E such that e /∈ c, c∪{e}= c′

and λ (e) = a.

12



Let c ∈ Ct and P ⊆ P . The P-view of c is the set of all events that processes in P have

seen in their past in c. Formally, the i-view of c is defined as ∂i(c) = ↓(Ei ∩ c), where recall

that Ei = {e ∈ E | i ∈ loc(e)}, and the P-view is ∂P(c) =
⋃

i∈P ∂i(c). Then, ∂P(c) is itself a

configuration, representing the collective knowledge of the processes in P about c. Moreover,

for i ∈ P, if ∂i(c) ̸= /0 then there exists e ∈ Ei such that ∂i(c) = ↓e. We use maxi(c) to denote

this event. Finally, a finite trace t = (E,≤,λ ) is said to be prime if it has a unique maximum

event, that is, there exists e ∈ E such that E = ↓e. We let last(t) denote this maximum event of

t.

Example 2.4. For the trace t in Fig. 2.2, c = {e1,e3,e4} is a configuration and so is c′ =

{e1,e2,e3,e4}. Further, the subsets c1 = ↓e5 = {e1,e3,e4,e5} and c2 = ↓e6 = {e1,e2,e3,e4,e6}

are also configurations of t. Observe that c
a5−→t c′ and c

a2−→t c1. Note that the set {e1,e2,e4} is

not a configuration as ↓{e1,e2,e4}= {e1,e2,e3,e4}.

2.1.2 Asynchronous transition systems

Asynchronous automata and the related transition systems are fundamental finite-state dis-

tributed devices due to [Zielonka, 1987] which operate/run on traces.

We now recall the notion of an asynchronous transition system. We equip each process

i ∈ P with a finite non-empty set Si of local i-states. Further, we set SP = ∏i∈P Si and call

it the set of global states. For a non-empty set P ⊆ P of processes, SP = ∏i∈P Si is the set of

(joint) P-states. For a P-state s ∈ SP and i ∈ P, s(i) ∈ Si denotes the local i-state in the P-tuple s.

More generally, for Q ⊆ P and s ∈ SP, we denote by sQ the projection of s on Q – that is, sQ is

the unique Q-state such that sQ(i) = s(i) for all i ∈ Q. For a ∈ Σ, we use a to abbreviate loc(a)

when talking about states. Thus Sa = Sloc(a) denotes the set of all a-states and if loc(a)⊆ P and

s is a P-state, we write sa for sloc(a).

Similar to the convention of writing a P-indexed family as {Xi}, we will follow the con-

vention of writing {Ya} to denote the Σ-indexed family {Ya}a∈Σ
.

Definition 2.5. An asynchronous transition system (ATS) over Σ̃ is a tuple A = ({Si},{
a−→})

where,
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• For each process i ∈ P , Si is a finite non-empty set of local i-states.

• For each action a ∈ Σ, a−→⊆ Sa ×Sa is a non-deterministic transition relation on a-states.

Let A = ({Si},{
a−→}) be an ATS. Note that a transition in A on an action a is local in the

sense that it involves only processes in loc(a) and a-states. An action a is enabled in an a-state

sa if there exists a state s′a such that (sa,s′a) ∈
a−→. We extend these local transition relations

naturally to global states. More precisely, for a ∈ Σ, we define a⇒⊆ SP × SP as follows: for

s,s′ ∈ SP , (s,s′) ∈ a⇒ if (sa,s′a) ∈
a−→ and sP\loc(a) = s′P\loc(a). We use notation sa

a−→ s′a for

(sa,s′a) ∈
a−→ and s a⇒ s′ for (s,s′) ∈ a⇒. We say that action a is enabled in global state s if there

exists a state s′ such that s a⇒ s′. Notice that the locality of actions is conserved. When an action

a occurs, only participating processes can change their states. We call this locality of action.

We emphasize this for future use.

Lemma 2.6 (locality of action). Given an ATS A = ({Si},{
a−→}) let action a be enabled at s, b

be an action such that aIb and s a⇒ r. Let s′ ∈ SP be such that s′a = sa. Then ∃r′ such that s′ a⇒ r′

and r′a = ra and s′P\loc(a) = r′P\loc(a). Moreover, if b is enabled at s, then it is also enabled at r.

Now we define the important notion of a run of an ATS A on a trace t over the alphabet Σ̃.

Definition 2.7. Let us fix an initial global state s0 ∈ SP . A run of A on t ∈ TR, starting from

s0, is a map ρ : Ct → SP such that ρ( /0) = s0 and for every c,c′ ∈ Ct , c a−→t c′ implies that

ρ(c) a⇒ ρ(c′).

Note that, as A is non-deterministic, there can be multiple runs of A on the same trace.

The next lemma states that any run is determined by its effect on the prime traces in its domain.

It is an easy consequence of the locality of transitions of A.

Lemma 2.8. Let t = (E,≤,λ ) be a trace and ρ : Ct → SP be a run of A on t starting at s0.

Then ρ is determined by ρ( /0) and ρ(↓e) for each e ∈ E. Moreover, for any trace t, ∀i ∈ P :

ρ(t)i = ρ(∂i(t))i.

Proof. We use induction to prove that given a trace t, ∀c ∈ Ct∀ci = ∂i(c) : ρ(c)i = ρ(ci)i. We

induct over the size of c′, where c = ci.c′. For the base case when c′ = /0 then c = ci. Therefore

ρ(c)i = ρ(ci)i.
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Let c′ = a.c′′. Then, ci
a−→t ci.a. Let ρ(c) = s,ρ(ci) = s′ and ρ(ci.a) = s′′. Due to locality

of action Lemma 2.6 as s′ a⇒ s′′ and i ̸∈ loc(a) we have s′i = s′′i . By inductive hypothesis we

know that as |c′′| < |c′| and therefore, ρ(c)i = ρ(cia)i i.e. si = s′′i . Thus, si = s′′i = s′i. That is,

ρ(c)i = ρ(ci)i

This completes the proof of the lemma. It is easy to see that,

s(i) = s0(i) if c∩Ei = /0

= s′(i) if s′ = ρ(↓ei) where ei = max i(c) i.e. ei is the maximum event in ∂i(c)
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Figure 2.10: Example of ATS and runs

Example 2.9. We consider an example illustrated in Fig. 2.10(a). The set of processes P =

{1,2} and set of actions Σ̃ is given by Σ1 = {a,b,c}, Σ2 = {a,b,d}. Thus c and d are purely local

actions. The local state sets are S1 = {T1,L1, . . .} and S2 = {T2,T ′
2, . . .}. The only transitions

on joint actions a,b are (T1,T2)
a−→ (L1,T ′

2) and (T1,T2)
b−→ (R1,T ′

2). The purely local transitions

are clear from the figure. For instance, we have T ′
1

c−→ L′′
1 , T ′

1
c−→ R′′

1 and T ′
2

d−→ L2.

We look at a run beginning at initial state (T1,T2). This run is illustrated in Fig. 2.10(b).

The first action to be in the run is the synchronous action a causing the processes 1 and 2 to

transition deterministically to (L1,T ′
2). Scheduling of an action and change of state in partic-
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ipating processes characterizes each event. An event is labeled by this pair of information in

the figure. Change of state of participating processes gives the information of which processes

are participating. Due to the above Lemma 2.8 an event is mapped to the new states of only the

participating process in figures of runs.

Next, on action c, process 1 deterministically moves to L′
1 after event e2. Either action c

or d can be occur in state (L′
1,T

′
2). Suppose the next action is d. Process 2 state can change

to L2 or R2. Say it changes to L2. Then on c, process 1 goes to T ′
1. Next in this run another c

occurs and 1’s next state can be L′′
1 or R′′

1 . The subsequent sequence generated from this run is-

(T1,T2)a(L1,T ′
2)c(L

′
1,T

′
2)d(L

′
1,L2)c(T ′

1,L2)c(L′′
1,L2).

Note that the actions c and d are independent and hence event e3 is concurrent with events

e2,e4,e5. Another sequence of interleaved actions and states that represents the same run is-

(T1,T2)a(L1,T ′
2)c(L

′
1,T

′
2)c(T

′
1,T

′
2)d(T

′
1,L2)c(L′′

1,L2).

As e3 is concurrent to e4 and e5 this event occurring later in the sequence results in the

same run. Note that the sequential semantics in both cases is different. As the events in these

runs are only partially ordered we use traces to represent such an run. .

2.2 ATS game

Building on the notions of Mazurkiewicz traces and asynchronous transition systems discussed

above, we now introduce our model, called asynchronous transition system games (ATS games),

which are played between a system and an environment.

We continue with the notation from the previous section. In particular, we fix a distributed

alphabet Σ̃ over a fixed team P of processes.

Definition 2.11. An ATS game is of the form G = (A,s0,Win) where

• A = ({Si},{
a−→}) is an asynchronous transition system over Σ̃.

• s0 ∈ SP is an initial global state of A.

• Win is a specification of the winning condition.
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2.2.1 Play of a game: an interleaved semantics

A play of an ATS game corresponds to an ongoing and possibly nonterminating interaction

between the distributed system and the environment. Now we describe the key notion of a

distributed play. Towards this, let us fix an ATS game G = (A,s0,Win) with A = ({Si},{
a−→}).

We begin with a description of the interleaved semantics of a distributed play. Such a

play begins in the initial global state s0. Environment makes the first move by scheduling an

action (say a) which is enabled at s0. The processes participating in a respond by selecting an

available a-transition and thus advancing the ‘current’ global state (say, to s). At this point, it

is environment’s turn to schedule another action (say b) which is enabled at s. The processes

participating in b respond by choosing a suitable b-transition at s. Let us assume that a and b

are independent actions. Then the processes participating in b are oblivious to the ‘concurrent’

scheduling of ‘prior’ a-action. It is important to observe that, in this situation, thanks to the

locality of transitions in A, b is also enabled at s0 and environment also had the option of

scheduling b first and then a later. On the other hand, if a and b are dependent, then there is a

process which participates in both a and b and every process participating in b comes to know

about the prior a-action which is “causally” before the current b-action.

So, in this interleaved semantics of a distributed play, a play consists of an alternate

sequence of moves of the environment (which schedules actions) and the distributed system

(where the participating processes respond by matching transitions).

Observe that each process in the distributed system has only partial information; among

all the actions which are already scheduled, it only knows those which are in its causal past.

The causal past of a process contains the information that a process comes to know directly or

indirectly through its interactions with the other processes. Further when two or more processes

interact (by participating in a shared/joint action), they exchange their complete causal pasts.

A (partial) distributed play of G is accurately modelled as a tuple (t,ρ) where t = (E,≤

,λ ) ∈ TR(Σ) is a trace over Σ̃ and ρ : Ct → SP is a run of A on t starting at s0. The idea is that

the (labelled) events in t represent the scheduler/environment choices and the partial-order ≤

captures the causality between these events arising out of the distribution of these events across

processes. The fact that an event e is labelled a (that is, λ (e) = a) means that the environment
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scheduled the shared action a which lead the processes participating in a to synchronize. Their

collective causal past-information at e corresponds to events in ⇓e. Based on this common

information, these processes respond to e by choosing a local transition on a which advances

their prior joint a-state sa to s′a where s = ρ(⇓e) and s′ = ρ(↓e). Recall that ⇓e = (↓e) \ {e}.

Thus the run ρ correctly captures the decisions of the distributed team of processes during the

play. In summary, the event e models environment’s scheduling of action λ (e) at the global

state ρ(⇓e); and the local loc(e)-transition from ρ(⇓e) to ρ(↓e) models the collective response

of the processes participating in e. Thanks to locality of transitions of A, the response of the

distributed team to a purely local action does not change the local state of the other process, and

is viewed as the response of the action owner process.

Definition 2.12. A (partial and distributed) play of the game G is a tuple (t,ρ) where

• t = (E,≤,λ ) is a trace over Σ̃.

• ρ : Ct → SP is a run of A on t starting at s0

A play (t ′,ρ ′) extends a (possibly infinite) play (t,ρ) if t is a proper prefix of t ′ and ρ is

the restriction of ρ ′ to t. A (distributed) play (t,ρ) is said to be maximal if it cannot be extended

further by any play. Note that if (t,ρ) is maximal then the processes P which have moved only

finitely often in t can not be further scheduled by the environment as no action involving only

them is enabled in ρ(∂P(t))P. It is important to note that a maximal play could be either finite

or infinite. If a maximal play (t = (E,≤,λ ),ρ) is finite, then no action is enabled at the final

global state ρ(E).

2.2.2 Winning condition: An example

We next turn our attention to the winning condition Win which specifies the winner of a maximal

play. At an abstract level, Win is simply the collection of all maximal plays in which the

distributed system wins. As an example, consider a global safety winning condition described

using a set F ⊂ SP of global safe states. A maximal play (t,ρ) is won by the distributed team

(or satisfies the global safety condition) if for all c ∈ Ct , ρ(c) ∈ F . In other words, to win a

maximal play the distributed team needs to ensure that a global unsafe state never occurs.
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Figure 2.14: An ATS game: unsafe state = {L′
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Example 2.13. We extend the example Example 2.9. In this game the initial state is (T1,T2).

The only states not in F are {L′
1,L

′′
1}×{R2,R′′

2}∪ {R′
1,R

′′
1}×{L2,L′′

2}. This is illustrated in

Fig. 2.14(a). In other words, the set F of global safe states is the complement of the unsafe set.

Fig. 2.14(b) shows some partial plays of the game. In the first play the environment

begins by playing a synchronous action a on (T1,T2), causing the processes 1 and 2 to move

deterministically to (L1,T ′
2). Next, the environment plays c, and process 1 deterministically

moves to L′
1 after event e2. The environment can then play c or d in (L′

1,T
′

2). Suppose it plays

d; process 2 must then choose between L2 and R2, relying only on its causal past {e1}.

Given this past, process 2 can predicts or strategizes that process 1 would move from L1 to

L′
1, so it selects L2 to avoid (L′

1,R2). The environment then plays c, and the system transitions

to T ′
1. When the environment plays c again, process 1 must choose between L′′

1 and R′′
1 without

knowing if process 2 went to L2 (leading to L′′
2) or R2 (leading to R′′

2). At this stage, process

1 can recall from its causal past {e1,e2,e4} that process 2 would go to L2 and then to L′′
2 to

correctly choose L′′
1 .

In the second play, no global state encountered in the sequence of events e1e2e3e4e′5e′6 is

in the unsafe set. But the configuration c3 = {e1,e2,e3,e4,e′6} in this play is in state (R′′
1,L2)

and therefore the system loses the play. As e′5 and e′6 are independent, the sequence of events

e′5e′6 is equivalent to e′6e′5.
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2.2.3 A distributed strategy

Now we are ready to define the important and crucial notion of a distributed strategy. Intuitively

speaking, a distributed strategy is an advice function that the team of processes in the distributed

system uses to respond to the environment’s actions. More importantly, this response can only

depend on the collective causal history of the processes participating in this action. Further, the

advice function does not restrict the choices available to the environment in all situations.

Definition 2.15. A distributed strategy in G is a partial function σ : TR∗→ SP with the smallest

domain such that

• the domain of σ is prefix closed, that is, if t ∈ TR∗ is such that σ(t) is defined and t ′ ∈ TR∗

is a prefix of t then σ(t ′) is also defined.

• σ(ε) = s0 where ε denotes the empty trace.

• for every t ∈ TR∗ if σ(t) is defined and a is enabled at σ(t), then σ(ta) is also defined,

and σ(t) a⇒ σ(ta) (recall that ta denotes the trace concatenation of t with the singleton

trace a).

By requiring the domain to be the smallest one satisfying these conditions, we ensure that

σ is defined exactly on those traces that can be generated by iteratively extending the empty

trace along enabled actions. In particular, this implies that the domain of σ is prefix-closed:

if σ(t) is defined, then it must also be defined for all prefixes of t. In view of this, the first

condition in the above definition is redundant.

The next lemma states that a distributed strategy is determined by its effect on the prime

traces in its domain. It is a direct consequence of Lemma 2.8.

Lemma 2.16. Let σ : TR∗ → SP be a distributed strategy in G . Then σ is completely deter-

mined by σ(ε) and σ(t) for every prime trace t in the domain of σ . Moreover, for any trace t,

∀i ∈ P : σ(t)i = σ(∂i(t))i.

Definition 2.17. Let σ : TR∗ → SP be a distributed strategy in G . A distributed play (t,ρ : Ct →

SP) of G is said to conform σ if, for all c ∈Ct , ρ(c) = σ(c). Recall that, for a configuration c

of t, by a slight abuse of notation, c also denotes the finite trace tc = (c,≤,λ ).
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A distributed strategy σ : TR∗ → SP is winning in G if all maximal plays conforming it

belong to Win. In other words, all maximal plays where the distributed team employs σ are

won by the distributed system.

Example 2.18. We revisit the global safety game from Fig. 2.14 and explained in Example 2.13

We intuitively explain a protocol illustrated in Fig. 2.19(a) for the system to win this game. Each

process stores in its memory the state of process 1 after the last synchronization in the past. If

the environment chooses a (resp. b) then it is l1 (resp. r1). With this bit of information, they

can ensure the safety objective as follows. If the memory state is l1, then both processes move

left at their respective decision points. That is, process 1 at T ′
1 moves to L′′

1 on c, and process

2 at T ′
2 moves to L2 on d. In case the memory state is r1, then both processes move right. It is

easy to see that this is indeed a winning distributed strategy that can be realized by a memory

automaton. Note that the choices at T ′
1 and T ′

2 are really made after the first synchronization at

joint action a or b, after which the processes follow their own local plans.
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Figure 2.19: Strategy and corresponding memory automaton

Let us now introduce the notion of a finite-state distributed strategy. Let G = (A,s0,Win)

be an ATS game with A = ({Si},{
a−→}).

Definition 2.20. A memory automaton for G is a deterministic asynchronous automaton A =

({Si ×Mi},{δa : Sa ×Ma → Sa ×Ma},(s0,m0)) over Σ̃ such that
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• For a ∈ Σ, (sa,ma) ∈ Sa ×Ma = Πi∈loc(a)(Si ×Mi), if a is enabled at sa in A then a is

also enabled at (sa,ma) in A . Further, with δa((sa,ma)) = (s′a,m
′
a), (sa,s′a) ∈

a−→; that

is, there is an a-transition from sa to s′a in A.

• (s0,m0) ∈ SP ×MP is a global state of A where s0 is the initial global state of A.

In the memory automaton A , process i has access to local memory states Mi. The memory

automaton is a distributed automaton which starts in the initial global state (s0,m0) and provides

a deterministic response to every enabled scheduler action using the current joint memory-state.

Further, it also updates the joint memory-state deterministically.

A memory automation is zero-memory if for each i, Mi is a singleton set. A zero-memory

automaton may be viewed as a deterministic asynchronous sub-automaton of A.

We will refer to a finite-memory strategy automaton as simply a memory automaton. In-

tuitively, in the above definition of a memory automaton A , the first condition says that the

environment is not restricted, and the second condition says that the response (as well as the

memory-update) of the memory automaton is deterministic.

Note that, as A is deterministic, if a trace t admits a run of A then the run is unique, say

ρ . Specifically the unique run ρ of A on a trace t ∈ TR starting from initial state s0 is a map

ρ : Ct → SP given by ρ( /0) = s0, and for every c,c′ ∈Ct , c a−→t c′ implies that ρ(c) a⇒ ρ(c′) is the

unique a transition in the a- state ρ(c)a. By an abuse of notation, we use A (t) to denote ρ(t)

when the initial state is clear from context and A is deterministic. Thus, the memory automaton

A gives rise to a natural distributed strategy as follows.

Definition 2.21. Let G be a game and A be a memory automaton for G . The memory automa-

ton A naturally induces a function σA : TR∗ → SP as follows: for trace t with a partial run in

A , σA (t) = s if A (t) = (s,m). Recall that A (t) denotes the final global state attained on the

unique run of A on the finite trace t.

We now show that the function σA is a distributed strategy.

Proposition 2.22. Let A = ({Si ×Mi},{δa},(s0,m0)) be a memory strategy in G . Then σA is

a distributed strategy in G .

Proof. Naturaly, the domain of A is prefix closed. Also σA (ε) = s0. Let a trace t be in domain

of σA (ta). Say A (t) = (s,m). Then, by Definition 2.20 if a is enabled at (sa,ma), then there
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is a unique (s′a,m
′
a) ∈ Sa ×Ma such that sa

a−→ s′a is a transition of A and δa(sa,ma) = (s′a,m
′
a)

is a transition of A . Hence σA (ta) is also defined and σA (t) a⇒ σA (ta). Moreover, as the

a transition is uniquely defined in A , the domain of A is the smallest that allows the above

properties.

Therefore, by Definition 2.15 σA is a distributed strategy in G .

Definition 2.23. Let A = ({Si ×Mi},{δa},(s0,m0)) be a memory automaton. A play (t,ρ :

Ct → SP) of G is said to conform A if it conforms to σA .

Definition 2.24. Let A be a memory automaton for G and σ : TR∗ → SP be a distributed

strategy in G . We say that σ is realized by A if, σ = σA . A memory automaton is said to be

winning if it realizes a winning distributed strategy.

A distributed strategy σ in G is said to be finite-state if there exists A which realizes it.

Thus the responses of σ are determined by the finite-state device A . A distributed strategy σ

realized by a zero-memory automaton is called a zero-memory distributed strategy.

Example 2.25. We now formally present the winning strategy in Example 2.18 in the form

of a memory automaton A = ({Si ×Mi},{δa},(s0,m0)) illustrated in Fig. 2.19(b) as M1 =

M2 = {⊥,a,b} m0 = (⊥,⊥). δa(T1,⊥,T2,⊥) = (L1,a,T ′
2,a), δb(T1,⊥,T2,⊥) = (R1,b,T ′

2,b),

δc(T ′
1,a) = (L′′

1,a), δc(T ′
1,b) = (R′′

1,b), δd(T ′
2,a) = (L2,a), δd(T ′

2,b) = (R2,b). All other tran-

sitions are deterministic in Si and do not change the memory state and are thus well defined.

2.2.4 The problem statement

In this section, we state the problem we aim to address in this work.

Given an ATS game G = (A ,s0,Win), the central decidability question is to determine

whether there exists a winning strategy for the system.

Beyond deciding the mere existence of such a strategy, we are also interested in the al-

gorithmic problem of synthesis: constructing a finite-state winning strategy. In particular, can

we synthesize a distributed memory automaton that realizes a winning strategy? This is mo-

tivated by practical considerations, since an explicit representation enables implementation in

real distributed systems.
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Chapter 3

Two processes ATS games and their

analysis

In this chapter, we study ATS games with two processes [Adsul and Jain, 2025a], starting

with the simpler case of a single process. Here, there is no concurrency, and the game is

purely sequential—matching the setting of standard graph games. As a result, memoryless

(zero-memory) fixpoint solutions are sufficient for simple winning conditions such as safety,

reachability and parity. In the first section, we show that these games correspond directly to the

classical two-player graph games of [Grädel et al., 2002; McNaughton, 1993], which are central

to reactive synthesis.

This makes the case of two-process games particularly interesting, as the presence of con-

currency fundamentally changes the landscape. Even with just two processes, non-trivial chal-

lenges arise due to the interplay between independent actions and synchronizations. A classical

example is Peterson’s mutual exclusion algorithm, which precisely illustrates this complexity.

In this setting, mutual exclusion can be formulated as a global safety objective that requires

the system to never reach a state where both processes are in the critical section simultane-

ously. At the same time, guaranteeing progress or fairness for each process—i.e., that each
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process will eventually enter its critical section—corresponds to repeatable local reachability

objectives. Thus, Peterson’s algorithm exemplifies how even simple concurrent systems require

reasoning about both global safety and local liveness.

We discuss two process games in the proceeding sections. We discuss strategies and algo-

rithms for solving ATS games with two processes under various state-based winning conditions,

highlighting both the decidability of the existence of winning strategies and the memory struc-

tures required to implement them.

3.1 ATS games with one process and full-information graph

games

We present a general construction that translates one-process ATS games into standard full-

information graph games, thereby enabling the direct application of classical solution tech-

niques.

Formally, let G = (A,s0,Win) be an ATS game with A = ({S1},{
a−→}). We construct an

equivalent two-player full-information game Ggraph = (Agraph,s0,Wingraph), over a finite bipar-

tite graph Agraph, with players Sys and Env.

Definition 3.1. The game arena Agraph is a bipartite graph Agraph = (Venv,Vsys,⇝⊆Venv×Vsys∪

Vsys ×Venv), where:

• Venv = S1, and Vsys = {(s,a) ∈ S1 ×Σ | a is enabled at s}.

• For s ∈Venv, (s′,a) ∈Vsys, we have s⇝ (s′,a) iff s = s′.

• For (s′,a) ∈Vsys, s ∈Venv, we have (s′,a)⇝ s iff s′ a−→ s in A.

In Ggraph = (Agraph,s0,Wingraph), players take turns moving a token along edges of Agraph,

starting from s0. Player Env chooses an action a enabled at s, and Sys selects a corresponding

transition target.

Each play in Ggraph corresponds precisely to a play in G , and strategies in one game

translate naturally to the other. A strategy for Sys maps histories of Env’s actions to valid
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transitions, aligning with ATS game strategies.

By choosing Wingraph to reflect safety, reachability, or parity conditions of Win, this reduc-

tion allows us to leverage known results—such as the existence of memoryless (zero-memory,

i.e., depending only on the current position without accessing history) uniform (independent of

initial state) winning strategies for these objectives in graph games. Without going into techni-

cal details, we summarize the consequences of this translation with the following proposition.

Proposition 3.2. Given a single-process ATS A = ({S1},{
a−→}) and a safety, reachability, or

parity winning condition Win, the winning region

W = {s ∈ S1 | Gs = (A,s,Win) admits a winning strategy}

can be effectively computed. Moreover, one can compute a uniform memory automaton with

zero memory.

3.2 Two process games

We now undertake the study of two process ATS games. We discuss strategies and algorithms

for solving ATS games with two processes under various state-based winning conditions, high-

lighting both the decidability of winning strategies and the memory structures required to im-

plement them.

We first consider the global safety objective, where the system wins if no “bad” global

state is ever reached during the play. Next, we study local and global reachability objectives. In

local reachability, each individual process must eventually visit its own designated goal set at

least once during the play. In contrast, under global reachability, the system wins if there exists

a configuration of the play in which a global goal state is reached simultaneously.

Surprisingly, memoryless strategies are insufficient for all these objectives; winning strate-

gies necessarily require memory. Nevertheless, whenever a winning strategy exists, there also

exists a finite memory strategy.We provide tight bounds on the computational complexity of the

problem of deciding the existence of a distributed winning strategy for these objectives. Another
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important contribution of this work is the identification of distributed memory requirements to

meet these objectives. Towards this we fix some notations that are particularly useful for two

process case.

For ease of presentation, in this chapter, we make the simplifying assumption that A is

complete, that is, for every a ∈ Σ and sa ∈ Sa, there exists an s′a ∈ Sa such that sa
a−→ s′a. Under

this assumption, for every trace t, A has at least one run on t.

Given a safety or reachability (local or global) game G , we can construct a modified game

G ′ on a complete automaton. For each process, we introduce a dummy local action together

with a dummy local state. From every local state, there is a transition to its corresponding

dummy state on the dummy action and on any local actions that are not enabled. Moreover,

for every global state, if a joint action is not enabled, we add a transition to the pair of dummy

states.

The winning conditions are updated as follows. For safety, the set of unsafe states remains

unchanged. For local reachability, in addition to the existing goal states the system wins as

soon as the dummy state is reached, which may be viewed as a local goal state. For global

reachability, the system wins whenever a global state containing at least one dummy component

is reached. This is also in addition to the existing goal states. With this the system has a winning

strategy in G iff it has a winning strategy in G ′. Thus, the simplifying assumption is made purely

for the sake of presentation and is without loss of generality.

We continue using the notations from the previous chapter. In particular, as before, Σ̃ =

(Σ1,Σ2) is a fixed distributed alphabet over two processes. Let Σ12 = Σ1 ∩Σ2 denote the set of

all shared/joint/synchronizing actions. Thus, both processes participate/synchronize on actions

in Σ12. We write Σℓ
i = Σi \Σ12 for the set of purely local actions of process i. Clearly, only

process i participates in actions from Σℓ
i .

Fix a distributed strategy σ in G . Let t be a finite trace with a unique maximal event

whose label is in Σ12. So, the last event in t is a synchronizing event in which both processes

participate. Note that at t both processes have identical causal past. The strategy σ induces two

natural “local” strategies “rooted” at t. Intuitively, these local strategies capture the σ -response

of individual processes to sequences of purely local actions which extend the trace t.

Definition 3.3. Continuing above notation, we define σi[t] : (Σℓ
i )
∗→ Si as follows: for w∈ (Σℓ

i )
∗,
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σi[t](w) is the i-local component of the global state σ(t.w).

Remark 3.4. Let σ(t) = (s1,s2), w1 ∈ (Σℓ
1)

∗ and w2 ∈ (Σℓ
2)

∗. Thanks to the locality of A, we

have σ(t.w1) = (σ1[t](w1),s2) and σ(t.w2) = (s1,σ2[t](w2)). Furthermore, σ1[t](w1) = s′1 and

σ2[t](w2) = s′2 iff σ(t.(w1||w2)) = (s′1,s
′
2) where t.(w1||w2) = t.w1.w2 = t.w2.w1 is the extension

of t by the parallel composition w1||w2. More precisely, w1||w2 is the trace w1.w2 = w2.w1 and

this trace equality is a consequence of the fact that only process i participates in wi.

It will be useful to think of a distributed strategy σ as made up of a family {(σ1[t],σ2[t])}t∈TR∗(Σ).Σ12

of pairs of local strategies parameterized by finite traces with a unique maximum synchroniz-

ing event. A play conforming σ is initially played according to the pair (σ1[ε],σ2[ε]) of local

strategies until the first synchronizing event e1 occurs which is responded by the matching tran-

sition (σ(⇓e1),σ(↓e1)). After this point, the new pair (σ1[↓e1],σ2[↓e1]) of local strategies is

employed until the second synchronizing event e2 occurs and so on.

3.3 Global safety objective

In this section, we present a fixpoint based algorithm for solving two process global safety ATS

games. Fix such a game G with ATS A = ({Si},{
a−→}) over Σ̃, the initial state s0 ∈ S1 ×S2 and

the safe set F ⊆ S1 ×S2. A maximal play (t,ρ) is won by the distributed team/system if for all

c ∈Ct , ρ(c) ∈ F .

A key element in our solution is the notion of a trap. The construction of traps (see [Grädel

et al., 2002]) is central to the solution of standard two-player safety games. We define a subset

Xi ⊆ Si to be an i-trap if, for every s ∈ Xi and for each a ∈ Σℓ
i , there exists s′ ∈ X such that s a−→ s′.

The crucial property of an i-trap is, within Xi, that process i has a “uniform local strategy” to

ensure that plays on purely local actions stay within Xi. To do so, for an i-state s ∈ Xi and for

each a ∈ Σℓ
i , process i simply selects an i-state s′ such that s a−→ s′. Below we assume a fixed

choice of such a uniform local strategy fXi for an i-trap Xi. A rectangle R is a subset of global

states of the form X1 ×X2 ⊆ S1 ×S2 where Xi is an i-trap.

We now describe a fixpoint argument to construct the winning region for our uninitialized

global safety game G . The key idea is to consider a restricted environment which is allowed to
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Figure 3.5: Global safety fixpoint: Rectangle illustrates a trap pair: under local actions, the

system remains inside it. Dotted edges indicate an action whose transitions all leave the set

U j, hence it is excluded from Vj+1. From Vj, the environment cannot enforce a synchronization

outside U j−1. The fixpoint construction proceeds as F = V0 ⊇ U0 ⊇ V1 ⊇ U1 ⊇ ·· · , with Uk =

Vk+1 =Uk+1 at convergence.

play at most j synchronizing actions and build a winning region for this restriction by induction

on j.

We inductively define, as illustrated in Fig. 3.5, for j ≥ 0, two interleaved decreasing

families of sets of global states Vj and U j as follows: V0 = F ,

U j = {s ∈Vj|∃ a rectangle R = X1 ×X2 such that s ∈ R and R ⊆Vj}

Vj+1 = {s ∈U j | ∀a ∈ Σ12 ∃s′ ∈U j such that s a−→ s′}

Observe that F =V0 ⊇U0 ⊇V1 ⊇U1 ⊇V2 ⊇U2 . . .. It is important to note that, if s ∈U j with a

“witness” rectangle R as in the above definition, then R ⊆U j. So, if s ∈Vj \U j then there is no

rectangle containing s which is completely inside Vj. Also note that, if s ∈U j \Vj+1 then there

is an action a ∈ Σ12, such that for all s′ with s a−→ s′, s′ ̸∈U j.

Lemma 3.6. Let j ≥ 0. If s ̸∈U j, then for every distributed strategy from s there exists a losing

(partial) play conforming it in which the environment chooses at most j synchronizing actions.
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Proof. We prove the statement by induction on j. Let s ̸∈U j and let σ s be a distributed strategy

from s. Let ( f1 = σ s
1[ε], f2 = σ s

2[ε]) be the initial pair of local strategies (see Definition 3.3) of

σ s. Then, Xi = f1(Σ
ℓ
i
∗
) is an i-trap and s belongs to the rectangle R = X1 ×X2. The fact that

s ̸∈ U j implies that R ̸⊆ Vj. Therefore there exist words wi ∈ (Σi)
∗ and s′i = fi(wi) such that

(s′1,s
′
2) ̸∈ Vj. So, with t = w1||w2, σ(t) = s′ = (s′1,s

′
2) ̸∈ Vj. For the base case when V0 = F ,

this t gives a losing play, where the environment does not choose a synchronization action at

all. For j > 0, we consider the following two exhaustive cases.

Case [s′ ∈U j−1\Vj]: In this case, there is an a ∈ Σ12 such that for all s′′ with s′ a−→ s′′, s′′ ̸∈U j−1.

The environment can extend the partial play t by such an a. So, we have s′′ = σ s(t.a) ̸∈U j−1.

We now view σ s rooted at t.a as a strategy from s′′ and use induction to find a losing play t ′ of

it with at most j− 1 synchronizing actions. This implies that the play t.a.t ′ is a losing play of

σ s with at most j synchronizations, and we are done.

Case [s′ ̸∈ U j−1]: Note that σ s rooted at t may also be viewed as strategy from s′ and we can

use induction to finish the proof in this case.

Let k ≥ 0 be the least index so that Uk = Uk+1. Clearly, Uk = Vk+1 = Uk+1. For every

s ∈ Uk, we fix a rectangle Rs = X s
1 × X s

2 ⊆ Uk. Let f s
i : X s

i × Σℓ
i → X s

i be a fixed choice of

uniform local strategy for the i-trap X s
i . Further, for every s ∈ Uk and a ∈ Σ12, we fix s′ ∈ Uk

such that s a−→ s′ and denote this a-successor of s in Uk by succ(s,a).

We now construct a uniform winning memory automaton from Uk. Towards this, we

define the deterministic ATS A = ({Si ×Mi},{δa}) where Mi = S1 ×S2. The transition func-

tion δa of A is defined as follows: if a ∈ Σℓ
i , then δa((mi,si)) = (mi, f mi

i (si,a)). If a ∈ Σ12,

δa(((m1,s1),(m2,s2))) = ((s′,s′1),(s
′,s′2)) where s′ = (s′1,s

′
2) = succ((s1,s2),a). An important

observation is that the local memory states in A simply store the global state (m) of G at the

last synchronization. Both processes agree on a rectangle at this synchronization and continue

using the local strategies ( f m
i ) until the next synchronization.

Theorem 3.7. A state s ∈ Uk iff there exists a distributed winning strategy from s. Moreover,

if s ∈ Uk, then A with initial memory state (s,s) ∈ M1 ×M2 is a uniform winning memory

automaton in G from the initial state s.

Proof. The Lemma 3.6 shows that if s ̸∈ Uk then there does not exist a distributed winning
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Figure 3.9: NP-hardness reduction: Two of the unsafe states are connected by red dashed lines.

For ϕ = (x1 ∨ x2 ∨ x3)∧ (x1 ∨ x4 ∨ x5)∧ (x5 ∨ x6 ∨ x3) Gϕ is given in this figure.

strategy from s. If s = (s1,s2) ∈Uk, then we show that all reachable global states of A from the

initial state ((s,s1),(s,s2)) are of the form ((m,s′1),(m,s′2)) where m∈ S1×S2 and, (s′1,s
′
2)∈Uk.

It follows from the definition of A . Let ((m1,s1),(m2,s2)) be a state reachable from

the initial state on t. Then, if a ∈ Σ12, δa(((m1,s1),(m2,s2))) = ((s′,s′1),(s
′,s′2)) where s′ =

(s′1,s
′
2)= succ((s1,s2),a)). And we have fixed succ such that s′ ∈Uk. Further, f s

1, f s
2 are uniform

local strategy in rectangle Rs ⊆Uk and therefore local actions all states reachable are in Uk.

As Uk ⊆ F , global states of A encountered during plays conforming A are safe. So A is

winning.

Theorem 3.8. Two process global safety ATS games are NP-complete.

Proof. By Theorem 3.7, if there is a distributed winning strategy, there is a uniform winning

memory automaton whose local memory state stores the global state at the last synchronization.

This serves as a polynomial size certificate for yes instances of the decision problem of the

existence of a distributed winning strategy. It is easy to see that the resulting verification task

can be achieved by a poly-time algorithm. This shows membership in NP.

To show NP-hardness, we provide a reduction from 3-SAT. Consider a 3-SAT instance ϕ

with n variables and m clauses. We construct a two process safety ATS game Gϕ with |S1| =

2n+1, |S2| = 3m+1 over the alphabet |Σ1| = n, |Σ2| = m and Σ12 = /0. Fig. 3.9 illustrates the
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reduction for the formula

ϕ = (x1 ∨ x2 ∨ x3)∧ (x1 ∨ x4 ∨ x5)∧ (x5 ∨ x6 ∨ x3)

As seen from the figure, the initial state of Gϕ is (vin,cin). At this initial state, the environment

can play a purely local action ai ∈Σ1 of process 1 “asking” it to decide the truth value of variable

xi. Process 1 can respond by moving to either vxi or vx̄i . This response naturally corresponds to

setting the truth value of xi. Concurrently, environment can play a purely local action b j ∈ Σ2 of

process 2 “asking” it to pick the term in the clause C j which makes the clause true. As shown

in the Fig. 3.9, process 2 can respond by choosing one of the three terms from clause C j. The

unsafe global states correspond to “conflicting” choices i.e.(vxi,cxi) by the two processes (see

Fig. 3.9).

We now claim that the resulting game Gϕ has a distributed winning strategy iff ϕ is satisfi-

able. Assume that ϕ is satisfiable. A satisfying assignment of ϕ naturally leads to a distributed

winning strategy as follows. The initial local strategy of process 1 selects, for each variable, the

literal according to the satisfying assignment. The initial local strategy of process 2 selects, for

each clause, the literal in the clause which makes it true under the satisfying assignment. This

strategy is a winning strategy due to absence of conflicting choices.

Next, any assignment induced by a winning strategy must satisfy ϕ . Indeed, if the assign-

ment does not satisfy ϕ , then there exists a clause that is not true. In such a case, any choice of a

term by process 2 on this clause conflicts with the choice of value by process 1 for the variable

corresponding to the term process 2 chose, thus reaching an unsafe state.

3.4 Local and global reachability objectives

Let G be an uninitialized game with ATS A = ({Si},{
a−→}). A local reachability objective is

given by two subsets Fi ⊆ Si. A maximal play (t,ρ) is won by the distributed team if there

exists configurations c and c′ such that, with ρ(c) = s = (s1,s2), ρ(c′) = s′ = (s′1,s
′
2), we have

s1 ∈ F1 and s′2 ∈ F2. In short, to win a maximal play, process i must ensure a visit to some local
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state in Fi.

In contrast, a global/simultaneous reachability objective is given by a single subset F ⊆

S1 × S2 and maximal play (t,ρ) is won by the team if there exists a configuration c such that

ρ(c) ∈ F . So, to meet the global reachability objective, the team needs to ensure a visit to a

global state in F .

3.4.1 Local reachability

We continue with the above notation where the local reachability objective is specified by a pair

of subsets Fi ⊆ Si. We first perform an asynchronous game simulation wherein each process

simply maintains additional information in its local state to record if it has already visited a

state in Fi. So, we set Qi = Si ×{0,1} and extend a−→ naturally to
a
↣ over Qa as follows:

for a ∈ Σℓ
i , for s a−→ s′, we add a-transitions ((s,1),(s′,1)), ((s,0),(s′,1)) i.e. (s,1)

a
↣ (s′,1),

(s,0)
a
↣ (s′,1) if s′ ∈ Fi and ((s,0),(s′,0)),((s,1),(s′,1)) i.e. (s,0)

a
↣ (s′,0), (s,1)

a
↣ (s′,1)

if s′ ̸∈ Fi. For a ∈ Σ12, and s a−→ s′ with s = (s1,s2) and s′ = (s′1,s
′
2), we add a-transitions

(((s1,b1),(s2,b2)),((s′1,b
′
1),(s

′
2,b

′
2))) where b′i = bi ∨ (s′i

?
∈ Fi). Let A′ = ({Qi},{

a
↣}) be the

resulting ATS. Observe that, we have used
a
↣ to denote the extension of a−→ from Sa to Qa.

We also define a map θ : S1 × S2 → Q1 ×Q2 as follows: for s = (s1,s2), we set θ(s) =

((s1,b1),(s2,b2)) where bi = 1 iff si ∈ Fi. Further, we set new local target set to be F ′
i =

Si×{1}⊆Qi. Let G ′ be a new uninitialized game with underlying ATS A′ and local reachability

condition {F ′
i }. It is easy to see that G has a distributed winning strategy from s iff G ′ has a

distributed winning strategy from θ(s). It is important to note that, in order to win G ′, process

i needs to ensure a visit to a local state with bit-component 1, that is, a state of the form (s,1)

where s ∈ Si.

Our solution relies on the notion of an i-attractor. See [Grädel et al., 2002] for this notion

which plays a key role in the solution of standard two-player reachability games. A subset

Xi ⊆ Qi is an i-attractor (wrt F ′
i ) if it is an i-trap and from every state in Xi, process i has a

(sequential/local) strategy to force a visit to F ′
i = Si ×{1}. It follows from standard results

about reachability games [Grädel et al., 2002] discussed in Proposition 3.2 that process i, in

fact, has a zero-memory strategy to force a visit to F ′
i .
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Figure 3.10: Local Reachability fixpoint: (a) A pair of i-attractors. (b) Fixpoint sets U j =

U ′
j ∪U0.

We now provide a fixpoint construction to compute the winning region in G ′. This con-

struction is similar in spirit and dual to that of global safety games. The key idea is to consider

a stronger winning requirement to meet the local reachability objective of G ′ within at most j

synchronizations. Starting with j = 0, we progressively increase j to relax the winning require-

ment. Finally, we reach a fixpoint where the stronger winning requirement matches the local

reachability objective.

In case Σ12 = /0 the winning region Uℓ is given by-

Uℓ =
{

q ∈ Q1 ×Q2

∣∣∣∃ i-attractor pair (Xi) such that q ∈ X1 ×X2

}

In case Σ12 ̸= /0, we also assume that Σℓ
i are non empty, and inductively define, as illustrated

in Fig. 3.10, for j ≥ 0, an increasing chain of sets U j ⊆ Q1 ×Q2 as follows: U0 = F ′
1 ×F ′

2 =

(S1 ×{1})× (S2 ×{1}).

U j =

q ∈ Q1 ×Q2

∣∣∣∣∣∣
∃ i-attractor pair (Xi) such that q ∈ X1 ×X2 and

∀q′ ∈ (X1 ×X2) ∀a ∈ Σ12 ∃q′′ : (q′
a
↣ q′′ & q′′ ∈U j−1)



It is easy to see that U0 ⊆U1 ⊆U2 ⊆U3 . . .. Let Uk be the fixpoint of this increasing chain.

For every q ∈Uk, we fix an i-attractor pair (Xq
i ) such that q ∈ Xq

1 ×Xq
2 and ∀q′ ∈ (Xq

1 ×Xq
2 ) ∀a ∈

Σ12 ∃q′′ : (q′
a
↣ q′′ & q′′ ∈ U j−1) Let f q

i : Xq
i × Σℓ

i → Xq
i be a fixed choice of uniform local

strategy for the i-attractor Xq
i . Further, for every q ∈U j and a ∈ Σ12, we fix q′ such that q a−→ q′
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such that, q a−→ q′= argmin
q

a−→q′
{ j′ | q′ ∈U ′

j} and denote this a-successor of q in U ′
j by succ(q,a)

for local reachability objective. Clearly j′ < j. We then construct a uniform winning memory

automaton from Uk similar to safety games.

Let ((m1,q1),(m2,q2)) with q = (q1,q2) ∈U j be a state reachable from the initial state on

some trace with some memory state m. Then, if a∈Σ12, δa(((m1,q1),(m2,q2)))= ((q′,q′1),(q
′,q′2))

where q′ = (q′1,q
′
2) = succ((q1,q2),a)). Let us assume j, j′, j′′ be the minimal index such that

q ∈ U j,q′ ∈ U ′
j and m1 = m2 ∈ U ′′

j . Then, note that we have fixed succ such that j′ < j. Also,

on local strategies f mi
i the state q reached is definitely in U ′′

j . Then j ≤ j′′ and therefore j′ < j′′

as well.

Therefore, from any state q ∈ U j the system can force the play inside U j−1 on the next

synchronization. This makes it winning. On the other hand, from a state q ̸∈ U j for any local

strategies fi their exists words wi ∈ (Σi)
∗ and q′i = fi(wi) such that ∀a ∈ Σ12 ̸ ∃q′′ : (q′

a
↣

q′′ & q′′ ∈U j−1). Then, on an a the next state q′′ ̸∈U j−1. Therefore, as Uk =Uk+1 from a state

s ̸∈Uk for any system strategy there is a play that remains outside Uk. This is stated in the next

lemma.

Lemma 3.11. Let j ≥ 0. If s ̸∈U j, then for every distributed strategy from s there exists a losing

play conforming it in which the local reachability objective is not reached within j synchroniza-

tions.

Our main results about local reachability games are captured in the next two theorems.

With the minor additions mentioned above the proofs of the corresponding results about global

safety games there can be adapted here.

Theorem 3.12. There exists a distributed winning strategy in G from s iff the state q = θ(s) ∈

Uk. Moreover, if θ(s) ∈ Uk, there is a winning memory automaton in G from s, whose local

memory state of process i stores the global state of A at the last synchronization and a bit-

record of whether or not process i has already visited a state in Fi.

Theorem 3.13. Two process local reachability ATS games are NP-complete.

The NP-hardness construction for global safety can be adapted to local reachability by

adding a local goal state for each process and then adding joint transitions from terminal states

that are safe in the construction to the local goal state pair.
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3.4.2 Global reachability

We now focus on global reachability objective. As usual, we fix an uninitialized game G with

ATS A = ({Si},{
a−→}) and consider the global reachability objective specified by a set F ⊆

S1×S2. Recall that the distributed team meets the global reachability objective along a maximal

play (t,ρ) if there exists a configuration c such that ρ(c) ∈ F .

We now relate the global reachability game G to a local reachability game G ′ on ATS A′.

In A′, we set local state set to be Qi = Si × 2Si ×{0,1} and extend a-transitions a−→ on Sa to

a-transitions
a
↣ on Qa.

Let a ∈ Σℓ
i and s a−→ s′. Further, let Y ⊆ Si and b ∈ {0,1}. With q = (s,Y,b), we set

q
a
↣ q′ where q′ = (s′,Y ∪{s′},b). On local action a, process i simply updates the set Y of local

states that have been visited since the last synchronization. Now let a ∈ Σ12 and s a−→ s′ where

s = (s1,s2) and s′ = (s′1,s
′
2). For Yi ⊆ Si and bi ∈ {0,1}, we set

((s1,Y1,b1),(s2,Y2,b2))
a
↣

(
(s′1,Y

′
1,b

′
1),(s

′
2,Y

′
2,b

′
2)
)

where Y ′
1 = {s′1},Y ′

2 = {s′2} and the bits b′1 and b′2 are set according to the following rule. If

((Y1 ×Y2)∪{(s′1,s′2)})∩ F ̸= /0, then b′1 = 1,b′2 = 1. Otherwise b′1 = b1 and b′2 = b2. It is

important to note that the condition ((Y1 ×Y2)∪{(s′1,s′2)}∩F ̸= /0 asserts that since the previ-

ous synchronization, a target global state in F has been visited. We include the current global

state (s′1,s
′
2) as part of this check. As Yi represents the set of local i-states since the last syn-

chronization, Y1 ×Y2 represents the set of global states that have occurred since then, and it

may not include the global state (s′1,s
′
2) at the current synchronization. Further, note that, we

reset Y ′
i = {s′i} in order to correctly keep track of only local states of process i since the last

synchronization.

As expected, we define A′ to be the ATS ({Qi},{
a
↣}). We also define (an initial state sim-

ulation) map θ : S1×S2 →Q1×Q2 as: for s=(s1,s2), if (s1,s2) ̸∈F , θ(s)= ((s1,{s1},0),(s2,{s2},0));

otherwise θ(s) = ((s1,{s1},1),(s2,{s2},1)). The local reachability objective is F ′
i = Si ×2Si ×

{1}.

The above setup captures plays of G where a global state from the target set F is visited
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before a synchronization where both processes flag it by setting their control bits to 1 in G ′.

We also need to worry about games where Σ12 = /0. It is indeed possible to handle these

“decoupled” purely local games. We fix an uninitialized decoupled game Gℓ with the global

reachability objective specified by the set F ⊆ S1 ×S2.

To solve this game, we consider a number of local reachability objectives. We consider

the set F = {(F̂1, F̂2) ⊆ Q1 ×Q2 | ∀((s1,Y1,b1),(s2,Y2,b2)) ∈ F̂1 × F̂2 : Y1 ×Y2 ∩F ̸= /0}. For

any element F̂i of this set the winning region of local reachability game ĜF̂i
is given by

ÛF̂i
=
{

q ∈ Q1 ×Q2

∣∣∣∃ i-attractor pair (Xi) wrt F̂i such that q ∈ X1 ×X2

}

Clearly, from a state, if there is a winning strategy (consisting of a pair of local strategies)

for this game, then the same strategy is also winning from the same state as the initial state

for the decoupled game with global reachability objective F . One must consider all such local

reachability games, and for a state with a winning strategy in any of these games, the two

processes can choose local strategies that are winning even in the decoupled game for that state.

Also, from an initial state, let there be a winning strategy in the decoupled game. Then,

each play consistent with it is winning and thus a state ((s1,Y1,b1),(s2,Y2,b2)) is reached such

that Y1×Y2∩F . Since each Yi records the set of local states visited since the last synchronization

and grows monotonically until reset, every consistent play converges to some sets YF ,YF . Given

a maximal play (w1w2,σ) consistent with strategy σ we say that the Yi component converges to

YF if there exist infinitely many prefixes w′
i of wi such that σ(w′

i)i = (si,YF ,bi) for some si,bi.

This strategy is then also winning from the initial state with the local winning condition given

by the sets-

F̂i =

((s1,YF ,b1),(s2,YF ,b2)) ∈ Q1 ×Q2

∣∣∣∣∣∣
there is a maximal play in the strategy

such that the Yi component converges to YF

 .

Moreover, F̂i is such that ∀((s1,Y1,b1),(s2,Y2,b2)) ∈ F̂1 × F̂2 : Y1 ×Y2 ∩F ̸= /0.
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The winning region Uℓ of the decoupled game is thus the union
⋃

F̂i∈F ÛF̂i
which can also

be stated as-

Uℓ =
{

q ∈ Q1 ×Q2

∣∣∣∃F̂i ∈ F s.t.∃ i-attractor pair (Xi) wrt F̂i such that q ∈ X1 ×X2

}

For every q ∈Uℓ, we fix an F̂i ∈ F and i-attractor pair (Xq
i ) wrt F̂ ′

i such that q ∈ Xq
1 ×Xq

2 .

Let f q
i : Xq

i ×Σℓ
i → Xq

i be a fixed choice of uniform local strategy for the i-attractor Xq
i . For

every state q in the winning region, it is associated with these local strategies f q
i for the two

processes. This constitutes winning memory automaton from Uℓ. For each state s in game

G we associate with it the strategy associated with θ(s) in this decoupled game. If there is a

distributed winning strategy in this decoupled game from s then there is also a winning memory

automaton whose local memory state of process i stores the the set of local states of A visited

from the initial state. Thus, a winning memory automata of exponential size establishes the

membership of deciding the existence of a winning strategy in NEXPTIME.

Theorem 3.14. If there is a distributed winning strategy in a decoupled game Gℓ where Σ12 = /0

from s then there is also winning memory automaton whose local memory state of process i

stores the the set of local states of A visited so far.

We now present a fixpoint construction over the global states of G ′ to compute the winning

region of G when Σ12 ̸= /0. We also assume that Σℓ
i are non empty. For j ≥ 0, we give an

increasing chain of sets U j ⊆ Q1 ×Q2 comprising of states from where the system can satisfy

the objective before the environment can schedule the jth synchronization is given by:

U0 = F ′
1 ×F ′

2 ∪{((s1,Y1,b1),(s2,Y2,b2)) | Y1 ×Y2 ∩F ̸= /0}

Essentially from states in U0 the system has already seen the goal state or is starting in a

goal state.
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U j =

q ∈ Q1 ×Q2

∣∣∣∣∣∣∣∣∣∣
∃F̂i ∈ F s.t.∃ i-attractor pair (Xi) wrt F̂ ′

i such that q ∈ X1 ×X2 and

∀q′ = ((s′1,Y
′
1,b

′
1),(s

′
2,Y

′
2,b

′
2)) ∈ (X1 ×X2) if Y ′

1 ×Y ′
2 ∩F = /0

then ∀a ∈ Σ12 ∃q′′ : (q′
a
↣ q′′ & q′′ ∈U j−1)


It is easy to see that U0 ⊆U1 ⊆U2 ⊆U3 . . .. Let Uk be the fixpoint of this increasing chain.

For every q ∈Uk, we fix an F̂i ∈ F and i-attractor pair (Xq
i ) wrt F̂ ′

i such that q ∈ Xq
1 ×Xq

2

and ∀q′ = ((s′1,Y
′
1,b

′
1),(s

′
2,Y

′
2,b

′
2)) ∈ (Xq

1 ×Xq
2 ) if Y ′

1 ×Y ′
2 ∩F = /0 then ∀a ∈ Σ12 ∃q′′ : (q′

a
↣

q′′ & q′′ ∈ U j−1). Let f q
i : Xq

i ×Σℓ
i → Xq

i be a fixed choice of uniform local strategy for the

i-attractor X s
i . Further, For every q = ((s1,Y1,b1),(s2,Y2,b2)) ∈U j and a ∈ Σ12, if b1 = b2 = 0

and Y1 ×Y2 ∩F = /0 then, we fix q′ as in local reachability games. That is q a−→ q′ such that,

q a−→ q′ = argmin
q

a−→q′
{ j′ | q′ ∈ U ′

j} and denote this a-successor of q in U ′
j by succ(q,a) for

global reachability objective. We then construct a winning memory automaton from Uk similar

to local reachability games. The fixpoint Uk of this increasing chain is the winning region of

G ′.

A key consequence of this analysis is the next theorem. With the minor additions men-

tioned above the proofs of the corresponding results about local reachability games can be

adapted here.

Theorem 3.15. If there is a distributed winning strategy in G from s then there is also winning

memory automaton whose local memory state of process i stores the global state of A at the

last synchronization, the set of local states of A visited since the last synchronization and a

bit-record indicating whether or not a visit to a state in F has occurred in its causal past.

The existence of such a memory strategy implies that global reachability ATS games are in

NEXPTIME. There is a somewhat surprising connection between two process ATS games and

generalized two-player reachability games studied in [Fijalkow and Horn, 2012a]. This allows

us to provide lower bounds on computational and memory complexity of global reachability

games.

Theorem 3.16. We have the following lower bounds for global reachability games.
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1. Two process global reachability ATS games are PSPACE-hard.

2. One can construct two process global reachability ATS games with each process having

O(n) local states in which a distributed winning strategy exists. However, any winning

memory automaton needs at least 2n −1 local memory states.

Proof of 1. We do a reduction from QBF to two process global reachability. i.e. Given a QBF

instance we generate a reachability instance such that there is a winning strategy iff QBF for-

mula is true. Note that this game does not require any joint actions. This proof is an adaptation

from [Fijalkow and Horn, 2012a].

Consider the QBF with n variables and m clauses

Q1v1Q2v2Q3v3...Qnvn
∧

i∈{1,....m}
Ci

where Ci = ti,1 ∨ ti,2 ∨ ...∨ ti, ji and ti, j = vk or vk for some k ∈ {1, ...,n}.

We reduce this problem to a two process reachability game as described in Fig. 3.17. The

first process facilitates that the environment chooses the value of universally quantified variables

and system chooses the value of existentially quantified variables. Process two facilitates the

environment to choose a clause and ask "which is the term that makes it true?" So the system

should have chosen at least one term true to satisfy this clause. Formally,

Process 1: For each variable vk, there are three states in process 1, namely k,vk,vk. If vk is

existential, the transitions at k are non-deterministic on action a. If vk is universal, the transitions

at k are deterministic on actions ⊤,⊥. There is a sink state from where there is an infinite local

play. The initial state is 1.

1

v1

v1

2

v2

v2

3

v3

v3

4
⊤
⊥
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a

a

a
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Figure 3.17: PSPACE-hard: ∀v1∃v2∃v3...((v1 ∨ v2 ∨ v3)
∧
(v1 ∨ v2 ∨ v3)

∧
...)
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Figure 3.18: Memory Lower bound: process 1 and 2

Process 2: It has an initial state p2. For each clause Ci it has a state Ci. Transitions from p2 to

each clause state is deterministic.

Reachability objective is given by
⋃

i∈{1,...m}
{ti,1, ti,2, ..., ti, ji}×{Ci}

There is a natural bijection between assignments of the variables and a local play of pro-

cess 1. An assignment satisfies the formula
∧

i∈{1,....m}
Ci iff for all possible local plays of process

2 the concurrent play thus generated satisfies the reachability objective. Therefore, the system

has a winning strategy iff the QBF formula is true.

Proof of 2. There exists a game G = (A,F) with |F |= k2, where system needs 2k −1 memory

states to win. This example is an adaptation from [Fijalkow and Horn, 2012a].

The initial state is (0,0). States and transitions are according to Fig. 3.18. In process 1,

from the initial state, first the environment chooses to play an action i, then process 1 chooses

either to reach the state i and return to the initial state 0 or to reach the state i and stay in it

thereafter.
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Goal set is given by

F = {(1,1),(2,2),(3,3),(4,4),(5,5)}

∪ 1×{2,3,4,5}

∪ 2×{1,3,4,5}

∪ 3×{1,2,4,5}

∪ 4×{1,2,3,5}

∪ 5×{1,2,3,4}}

System wins with the following strategy- The first time environment plays action i, process

1 goes to state i and returns to initial state, the second time process 1 goes to state i. This way, for

any local play of process 2, the system would have visited at least one goal state. Process 1 has

memory automaton M1 = 21,...k and remembers the petals visited previously. Process 1 need not

remember the set {1, ...k} as it in this case the system will definitely win for any choice of action

in process 2. Therefore, the size of memory for process 1 is |M1| = 21,...k\{1, ...k}| = 2k − 1.

Process 2 has only deterministic actions so never uses any memory M2 = φ .

Lemma 3.19. There is no winning strategy for this game with less than 2k −1 memory states.

Proof. Let there be a memory automaton A = ({S j ×M j} j∈{1,2},{δa}) with |M1|< 2k−1. We

show that it cannot be winning. We define stopping function as Stop : M1 → 2{1,...k}\{1, ...k}

where m 7→ Sm if Process 1 in local state 0 and memory state m chooses i when environment

plays(twice) action i ∈ Sm. i.e. Sm = {i | δii(m,0) = (m′, i) for some memory state m′}. There-

fore in the memory state m on action i ̸∈ Sm process 1 goes to state i.

As |M1| < 2k − 1, there is a set which has no preimage in the function Stop. We call it

X . The only state where the environment has more than one action enabled in process 1 is the

initial state 0. Environment wins against this strategy in the play described as follows- Each

time process 1 is in state 0, if process 1 is in memory state m environment plays an action from

(X −Stop(m))∪ (Stop(m)−X). This set is never empty because X is not an image for any m.

If for process 1 environment plays forever in X , then only states in X are reached for pro-

cess 1 and environment wins in the play where it plays an action i′ ∈ {1, ...k}−X in process 2.
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If the environment does play an action i from Stop(m)−X when process 1 is in memory

state m, then we can show that action i has not been played earlier. Say in memory state m′

action i was played earlier. It could not have been in X −Stop(m′) as i /∈ X . It could not have

been in Stop(m′)−X as then then process 1 would have reached state i, stayed in that state and

never return to state 0. Here, as i ∈ Stop(m)−X process 1 reaches i and stays in that state.

Therefore, state i is never visited by process 1. In this case, the environment wins in the play

where it plays action 1 in process 2.
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Chapter 4

CDM Model

In this chapter, we introduce Central Decision Maker (CDM) games [Adsul and Jain,

2025b] played within the framework of asynchronous transition system (ATS) games. In these

games, a designated central process participates in all actions that are non-deterministic, making

critical decisions that influence the behavior of the distributed system.

Throughout the chapter, we mainly address the CDM setting. Our final result concerns

an extension of the CDM model which permits two decision making processes. In this natural

extension, in every action which is not deterministic, at least one of the two decision makers

participates. We build on the technical machinery of [Gimbert, 2022] to show the surprising

result that safety games with two decision makers are undecidable.

Note that ATS games with one process (|P| = 1) (Section 3.1) are an instance of CDM

games and can be analyzed using the theory of two-player full-information games [Thomas,

2008]. CDM games extend this to partial-information settings where processes have differ-

ent knowledge and are unaware of concurrent scheduling decisions. This setting has practical

applications. We also examine memory requirements for distributed strategies.

We show that the key problem of solving a CDM game, that is, deciding the existence of
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a distributed winning strategy, is efficiently solvable for global safety and local parity winning

objectives. We also provide hardness results for these problems which demonstrate that our

algorithmic solutions are optimal. More precisely, we show that the problems of solving CDM

games for the above objectives are EXPTIME-complete. Our EXPTIME-completeness result

for global safety CDM games has some resemblance with a similar result for the Petri game

model with one system token studied in [Finkbeiner and Gölz, 2018]. It is important to note that

[Finkbeiner and Gölz, 2018] is only concerned with safety objectives. In contrast, we provide

a uniform method to address both safety as well as parity objectives. Towards this, we build

upon the theory of Mazurkiewicz traces and the theory of two-player games. More precisely,

given a CDM game, we associate with it a natural two-player full-information game. Our key

result allows to “extract” from a winning strategy in this two-player game, a distributed winning

strategy in the CDM game. This is achieved by crucially relying on novel special linearizations

of traces that we develop in this work. In the special linearization, all events of the CDM

process appear as early as possible. As a result, the response of a sequential strategy along

this linearization is based on the least amount of information available to the central decision

maker. We then lift these sequential responses to extract a distributed strategy. Crucially, the

linearization of the causal past of each CDM event extends that of the preceding CDM events.

This property ensures that the distributed strategy can faithfully follow the sequential one on

CDM events. In fact, on any trace, the distributed strategy maps the trace to the same global

state that the sequential strategy would reach when run on the special linearization of that trace.

We believe that these special linearizations have much wider applicability. Our analysis

provides richer insights into the non-trivial distributed memory requirements and the structure

of the winning strategies thus formed.

Let us mention that our analysis applies to the more general setting of distributed games

in which the ‘decision’ events are causally ordered. In this general setting, any pair of actions,

which are not deterministic, must have some process participating in both of them. We thus rule

out concurrent/independent actions which are not deterministic. Clearly, this setting includes

CDM games as the central decision maker participates in all actions which are not deterministic.

Here are some prototypical examples of CDM systems. In many server-client architec-

tures the server process is primarily responsible for maintaining overall integrity and ensuring

that the demands of the client processes are met. These systems serve as prototypical examples
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of CDM systems. A distributed version control system such as SVN may also be viewed as a

CDM system in which a single authoritative main copy is maintained at the central repository.

Users make concurrent changes to local copies; in order to effect these changes to the main

copy, they acquire an exclusive access to the central repository using a “lock”. One can model

this locking mechanism by a central decision maker process which synchronizes with different

user processes.

Another illustrative example of a CDM system is the working of an institution/organization

consisting of multiple agents with a designated head. Various committees are formed to address

different aspects of the organization, expedite work and increase overall efficiency. An agent

is typically a member of several such committees. These committees conduct procedural meet-

ings from time to time to discuss, gather relevant information and propose solutions. However,

all the key decisions are taken in only those committee meetings in which the head participates.

The head’s presence in all decision making activities ensures consistency and alignment with

the organizational goals. Note that concurrent meetings of different committees are allowed.

With this we now formalize the notion of decision making processes.

Definition 4.1. Let G = (A,s0,Win) be an ATS game with A = ({Si},{
a−→}). Recall that an

action a of A is not deterministic if there exists sa,s′a,s
′′
a ∈ Sa such that both (sa,s′a) and (sa,s′′a)

are a-transitions (that is, belong to a−→) and s′a ̸= s′′a .

A subset Q ⊂ P of processes is said to be decision makers in G if for every a which is

not deterministic, Q∩ loc(a) ̸= /0. In other words, if no process in Q participates in an action b,

then the transition relation b−→ of A is a (partial) deterministic function from Sb to Sb.

A central decision maker (CDM) game is an ATS game with decision makers {ℓ} for some

process ℓ ∈ P . This central decision maker process ℓ participates in every action of A which is

not deterministic.

Example 4.3. Consider a CDM game illustrated in Fig. 4.2 with P = {1,2,3} and process 1

as the central decision maker. Note that only action c is not deterministic and is shared by 1

and 2. Process i has purely local action di and actions a and b are shared by 2 and 3.

All 3 processes start in top local states and want to avoid states where colors mismatch.

This can be captured as a global safety winning condition where color-mismatch signifies oc-

currence of an unsafe global state. Observe that, initially, the scheduler can play exactly one
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process 1

T1

L1 R1

c c
d1

process 3

T3

L3 R3

B3

a b

d3

process 2

T2

L2 R2

B2

a b

d2 d2

c

winning play · · · · · · · · ·
1 T1

2 T2

3 T3

a
L3

L2

e1

d2 B2

e2

d1 T1

e3

d1 T1

e4

d3 B3

e5

losing play
1 T1

2 T2

3 T3

b
R3

R2

e1

d1 T1

e2

d2 B2

e3

c
L1

B2

e4
(c)

(b)

(a)

Figure 4.2: A safety CDM game with unsafe set {(L1,B2,R3),(R1,B2,L3)} and its plays

of the deterministic actions a or b forcing the next joint state of process 2 and process 3 to be

either (L2,L3) or (R2,R3). It can concurrently schedule any number of d1 actions. Afterwards,

the scheduler can force process 2 to the bottom local state B2 by playing local action d2. At this

point, actions c and d1 are enabled and the scheduler is allowed to play any of these actions.

Note that, if process 3 is in local state L3 then the scheduler must also schedule d3 in a maximal

play. Some plays of this CDM game are depicted in Fig. 4.2.

If action c is never scheduled, the distributed system wins along such maximal plays.

However, if action c is ever scheduled then the resulting response determines the winner. In

order to win in such situations, the central decision maker process 1 needs to inspect its causal

past to find out which of the actions a or b was played in the past. With this information, process

1 makes the correct decision and ensures a win for the team.

The description outlined towards the end of Example 4.3, for the CDM game from Fig. 4.2,

can be easily translated into a formal winning distributed strategy. Recall that given an ATS

game G = (A,s0,Win), the key algorithmic question is to decide if there exists a distributed

winning strategy in G . We answer this question for CDM games with global safety and local

parity winning conditions. Note that a CDM game is a partial-information game and different

processes have mutually incomparable partial informations about scheduler’s actions; a process

is oblivious to concurrent scheduling decisions on other processes and there is no bound on the

number of such concurrent scheduling decisions. As the decisions taken by the central decision

maker (based solely on its causal past) influence the future behaviour of other processes, these
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must be taken somehow to achieve the overall goal.

4.1 Extraction of distributed strategies via special lineariza-

tions

We now develop a general construction which aids in the solution of CDM games. Let us fix a

CDM game G = (A,s0,Win) with A = ({Si},{
a−→}) and process 1 ∈ P as the central decision

maker. Towards solving G , we introduce a standard full-information two-player game Gseq

played on a finite graph Aseq between two players called Sys and Env. See [Grädel et al., 2002]

for a study of these games and its relevance to reactive synthesis in the sequential setting.

Definition 4.4. The game arena Aseq is a bipartite graph Aseq = (Venv,Vsys,⇝ ⊆ Venv ×Vsys ∪

Vsys ×Venv) whose vertices and directed edges (that is, elements of⇝) are as follows:

• Venv = SP and Vsys = {(s,a) ∈ SP ×Σ | a is enabled at s}

• For s ∈Venv,(s′,a) ∈Vsys, we have an edge from s to (s′,a) iff s = s′

• For (s′,a) ∈ Vsys and s ∈ Venv, we have an edge from (s′,a) to s iff s′ a⇒ s in the ATS A.

Recall that a⇒ naturally extends the local transition relation a−→ of A to global-states.

We define Gseq = (Aseq,s0,Winseq) to be a standard two-player graph game of complete

information whose winning condition Winseq is currently unspecified. Note that s0 ∈Venv. The

game Gseq is played by players Sys and Env by alternately moving a ‘token’ along the edges

of the bipartite graph Aseq. Player Env makes moves from Venv and player Sys makes moves

from Vsys. Initially the token is at vertex s0 ∈ Venv. Thus a play of Gseq is a sequence (pos-

sibly infinite) of vertices visited by the token starting with vertex s0 and it is of the form:

s0,(s0,a0),s1,(s1,a1),s2, . . .. A maximal play is either infinite, or finite in which case it ends

in s ∈ Venv such that no action is enabled at s and as a result, there is no outgoing-edge in Aseq

from the vertex s. As mentioned above, we do not specify the winning condition Winseq in this

section and it will be suitably instantiated in later sections.

It will be useful to view a play of Gseq as simply a sequence s0,a0,s1,a1,s2, . . . starting at

s0 such that, for each i, ai is enabled at si and (si,si+1) ∈
ai⇒. In this viewpoint, ai corresponds
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to player Env moving the token from si to (si,ai) and, si+1 corresponds to player Sys moving

the token subsequently from (si,ai) to si+1.

(a) (b)

T T T

T LL T RR

T LBT BL

LBL T BB RBL

LBB RBB

T BR

LBR RBR

b

d2

c c

a

d2 d3

c
d3 cd2

d3 d3
c c

d1

d1 d1

d1 d1 d1

d1

process 1
T1

L1 R1
c c

d1

process 3
T3

L3 R3

B3

a b

d3

process 2 T2

L2 R2

B2

a b

d2 d2

c

Figure 4.5: An ATS A and the derived sequential game arena Aseq

Example 4.6. Fig. 4.5 shows an ATS A and a simplified view of the derived game arena Aseq.

The simplified view represents the sequential automaton underlying Aseq. For instance, in the

graph Aseq we have two edges from T BL (short for T1B2L3) to (T BL,c) and (T BL,d3) corre-

sponding to two enabled actions, namely c and d3, at T BL. We also have two edges in Aseq from

(T BL,c) to LBL and RBL corresponding to two global c-transitions (T BL,LBL),(T BL,RBL)

of A. A play s0,a0,s1,a1,s2, . . . starting at s0 in Gseq described above, can be simply viewed as

a run of this sequential automaton on a0a1a2, . . . from s0.

A (sequential full-information) strategy for player Sys in Gseq maps its history leading to

current vertex to the next valid vertex. We formalize it as follows.

Definition 4.7. A strategy for player Sys in Gseq is a partial function τ : Σ∗ → SP with the

smallest domain such that

• the domain of τ is a prefix closed subset of Σ∗.

• τ(ε) = s0 where ε denotes the empty word.

• for every w ∈ Σ∗ if τ(w) is defined and a is enabled at τ(w), then τ(wa) is also defined

and furthermore (τ(w),τ(wa)) ∈ a⇒. In other words, we have a directed edge in Aseq

from (τ(w),a) ∈VSys to τ(wa) ∈VEnv.
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Henceforth, by a strategy in Gseq we always mean a strategy for the player Sys in Gseq.

It turns out that every distributed strategy in G naturally gives rise to a sequential strategy in

Gseq. We develop some more notation to explain this. Each finite word w ∈ Σ∗ naturally induces

a finite trace t ∈ TR∗. More precisely, if w = a1a2 · · ·an, we associate with w the finite trace

t = (E,≤,λ ) which is defined as follows: E = {e1,e2, . . . ,en} has n events corresponding to n

positions in the word w; we set λ (ei) = ai and the partial order ≤ on E is the transitive-closure

of the relation {(ei,e j)|i ≤ j and (ai,a j) ∈ D}. It is easy to check that t is indeed a trace over Σ̃.

Let us denote this association by the map η : Σ∗ → TR∗. It turns out [Diekert and Rozenberg,

1995; Diekert and Métivier, 1997; Mukund, 2012] that for a trace t ∈ TR∗, the set η−1(t)⊆ Σ∗

is precisely all those words which correspond to different linearizations of t. In fact, η is a

surjective monoid morphism and η(w) = η(w′) iff w can be obtained from w′ by a sequence of

operations where each operation is an exchange of two adjacent independent letters.

The next proposition states that, a distributed strategy σ in G naturally induces a (sequen-

tial) strategy σseq in Gseq.

Proposition 4.8. Let σ : TR∗ → SP be a distributed strategy in G . Consider the induced partial

function σseq : Σ∗ → SP defined as follows: for w ∈ Σ∗, σseq(w) = σ(η(w)). So w belongs to

the domain of σseq iff η(w) belongs to the domain of σ . Then σseq : Σ∗ → SP is in fact a

strategy for player Sys in Gseq. Furthermore, σseq is diamond-closed; that is, for w,w′ ∈ Σ∗ and

(a,b) ∈ I, σseq(wabw′) = σseq(wbaw′).

Proof. We show that σseq : Σ∗ → SP is in fact a strategy for player Sys in Gseq.

We see that w belongs to the domain of σseq iff η(w) belongs to the domain of σ . As σ

is a distributed strategy the domain of σ is a prefix closed subset of TR∗, it follows that the

domain of σseq is also a prefix closed subset of Σ∗. Also, σ(ε) = σseq(ε) = s0.

As σ is a distributed strategy for every t ∈ TR∗ if σ(t) is defined and a is enabled at σ(t),

then σ(ta) is also defined, and (σ(t),σ(ta)) ∈ a⇒. Again w belongs to the domain of σseq

iff η(w) belongs to the domain of σ . Therefore, for every w ∈ Σ∗ if τ(w) is defined and a is

enabled at τ(w), then τ(wa) is also defined and furthermore (τ(w),τ(wa))∈ a⇒. In other words,

we have a directed edge in Aseq from (τ(w),a) ∈VSys to τ(wa) ∈VEnv. Thus, σseq is a strategy

in Gseq.

Next, we show that σseq is diamond-closed. As wabw′ can be obtained from wbaw′ by an
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exchange of the two adjacent independent letters a and b we see that η(wabw′) = η(wbaw′).

Therefore, σseq(wabw′) = σ(η(wabw′)) = σ(η(wbaw′)) = σseq(wbaw′).

So, the strategies in Gseq induced by distributed strategies in G are diamond-closed. How-

ever, an arbitrary strategy in Gseq is not necessarily diamond-closed.

Example 4.9. In Fig. 4.5(b), we have used bold edges to depict the response of a positional

strategy in Gseq on the action c which is not deterministic. This strategy responds to c at T BL

by using the bold edge to LBL, at T BB by using the bold edge to LBB and at T BR by using the

bold edge to RBR. As a result, at T BL the response to cd3 ends at LBB while that for d3c ends

at RBB. As c and d3 are independent, this strategy is not diamond-closed.

Our main goal in this section is to extract a distributed strategy in G from an arbitrary

strategy crucially exploiting the presence of a central decision maker. Towards this, we now

develop special linearizations of finite traces.

We first fix a total order ◁Σ on Σ such that Σ\Σ1◁Σ Σ1. Note that, in the total order ◁Σ,

if a,b ∈ Σ are such that 1 ̸∈ loc(a) and 1 ∈ loc(b) then a◁Σ b. With our implicit assumption

that process 1 is the central decision maker, every action in which it does not participate comes

before every action in which it participates in the order ◁Σ. We now outline an inductive

procedure to compute a special linearization map Lin : TR∗ → Σ∗.

Definition 4.10. Let t = (E,≤,λ ) ∈ TR∗. If t = ε , then Lin(t) = ε . Otherwise, let M be the

set of all maximal (wrt ≤) events of the trace t and e be the unique event in M whose label is

◁Σ-least among the labels in {λ ( f ) | f ∈ M}. Note that no two events in M can have the same

label as events with the same label are ordered/comparable wrt ≤.

It is easily verified that with t ′ as the trace corresponding to the configuration E \{e}, we

have t = t ′a where a = λ (e). We now define Lin(t) = Lin(t ′)a.

In short, we compute Lin(t) starting from its last action/letter. Towards this, we peel off

that maximal event of t which is ◁Σ-least labelled and put its label as the last letter in Lin(t)

and continue this process until all events are covered.

Now we exploit the key consequences of the ◁Σ requirement that Σ\Σ1◁Σ Σ1. It is very

important to observe that, in general, t ′ is a trace-prefix of t does not imply that Lin(t ′) is a word-

prefix of Lin(t). Throughout, we use the term prefix for both trace and word prefixes; when
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ambiguity may arise, we explicitly write ⊑ to denote the word-prefix relation. The following

lemma plays a crucial role later.

Lemma 4.11. Let t = (E,≤,λ ) ∈ TR∗ and e ∈ E be such that process 1 participates in e, that

is λ (e) ∈ Σ1. Then Lin(↓e) is prefix of Lin(t). Here we identify the configuration ↓e with the

corresponding trace-prefix (↓e,≤,λ ) of t.

Proof. The proof is by induction on the size of E \ ↓e. For the base case when this is zero,

Lin(t) = Lin(↓e) and we are done.

We now assume E \ ↓e ̸= /0. Let M be the set of all maximal events of t and let f be the

element of M whose label is ◁Σ-least.

We claim that f ̸= e. For otherwise, e = f is a maximal event of t. Further as λ (e) ∈ Σ1,

every other event in M has a label which is independent of λ (e) and larger than λ (e) in the

order ◁Σ. Due to the very definition of ◁Σ, such labels do not exist. This forces M = {e} and

contradicts the assumption that E \↓e = /0.

By definition of Lin(t), with t ′ as the trace induced by the configuration E \ { f} of t, we

have Lin(t) = Lin(t ′)λ ( f ). Thus Lin(t ′) ⊑ Lin(t). As e is also an event of t ′, by induction

(applied to t ′), Lin(↓e)⊑ Lin(t ′). Thus, we obtain that Lin(↓e)⊑ Lin(t) and this completes the

inductive step.

Corollary 4.12. Given t = (E,≤,λ ) and e, f ∈ E1 such that e < f , Lin(↓e)⊑ Lin(↓ f ).

1

2

3

4

e1

a6

e2
a5

e3

a2 e4

a3

e5

a2

e6

a6

e7

a2

e8

a4

e9

a1

Example 4.13. We revisit the trace t from Fig. 2.2 with process 1 as the central decision

maker and event set E = {e1,e2, . . . ,e9}. The figure is recreated here for convenience. Let

the ordering ◁Σ be given by ai ◁Σ a j iff i ≤ j. Note that Σ \ Σ1 ◁Σ Σ1. We now compute

Lin(t) for the trace t. Maximal events of t are e8 and e9 and as λ (e9) = a1◁Σ a4 = λ (e8),

Lin(t) = Lin(t ′).a1 where t ′ is given by E ′ = E \{e9}. Successively the maximal event sets are
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{e8},{e6,e7},{e6,e5},{e6},{e2,e4},{e2,e3},{e2},{e1}. This results in Lin(t)= a6a5a2a3a6a2a2a4a1

with event-linearization e1e2e3e4e6e5e7e8e9.

As an illustration of Lemma 4.11, consider event e6 ∈ E1. We have ↓e6 = {e1,e2,e3,e4,e6}

and Lin(↓e6) = a6a5a2a3a6 which is a prefix of Lin(t). However, e7 ̸∈ E1 and it is easy to see

that Lin(↓e7) = a6a5a2a3a2a2 which is not a prefix of Lin(t).

The Corollary 4.12 summarizes the desirable property of the special linearization is illus-

trated intuitively in Fig. 4.14. That is special linearization of a later CDM event extends that of

an earlier CDM event. This is illustrated intuitively in Fig. 4.14.

DM
e

g

DM
e f

g

(a) (b)

Figure 4.14: Linearization: special linearization of a later CDM event extends that of an ear-

lier CDM event. e, f are CDM events while g is not. (a) t = ↓{e,g}, Lin(↓e) ⊑ Lin(t). In

Linearization DM actions occur before every other independent actions. (b) Lin(↓e)⊑ Lin(↓ f )

Linearization of every DM prime trace extends the Linearization of previous DM prime trace

t ′ = ↓{ f ,g}. Lin(↓e)⊑ Lin(↓ f )⊑ Lin(t ′). Note that in Lin(t ′), event f precedes g.

Now we use special linearizations to lift a strategy in Gseq to a distributed strategy in G .

Intuitively, in the special linearization of a trace, all the events of process 1 appear the earliest.

Thus the response of a sequential strategy along the special linearization is based on the least

amount of information to the central decision maker. We lift these responses to construct a

distributed strategy.

Definition 4.15. Let τ : Σ∗ → SP be a strategy in Gseq. We define a partial function τdstr :

TR∗ → SP as follows: for t ∈ TR∗, τdstr(t) = τ(Lin(t)). Note that, t belongs to the domain of

τdstr iff Lin(t) belongs to the domain of τ .

Let us illustrate the above definition for the non-diamond-closed strategy τ from Ex-

54



ample 4.9 with t being the trace induced by the word ad2d3c. As Lin(t) = ad2cd3, we set

τdstr(t) = τ(ad2cd3) = LBB. Note that τ(ad2d3c) = RBB.

We now state the following main proposition which shows that τdstr is in fact a distributed

strategy in G . The proof crucially uses Lemma 4.11 which implies that, restricted to central

decision maker events, special linearization of a later event extends that of an earlier one.

Proposition 4.16. Let τ : Σ∗ → SP be a strategy for player Sys in Gseq. Then τdstr : TR∗ → SP

is a distributed strategy in G .

To prove this proposition we recall locality of action in the automata A and emphasize its

implications in Aseq. We also formalize the simple notion that a deterministic action leads to the

same change of state regardless of when it is scheduled in the next claim. By definition of η and

Definition 4.4 of Aseq and Lemma 2.6 about locality of action we have the following lemma.

Lemma 4.17 (locality of action in Aseq). Given Aseq derived from A for any strategy τ in Gseq

and words w ∈ Σ∗, w1,w2 ∈ (Σ\Σ1)
∗ such that η(w1) = η(w2) if ww1 is in the domain of τ then

so is ww2 and

τ(ww1) = τ(ww2)

Claim 4.18 (determinism of non CDM actions). Let a,b be two independent actions aIb and b

be deterministic. From state s let s a⇒ r be a transition. Let s′ and r′ be the unique b successors

of s and r. (i.e. s b⇒ s′ and r b⇒ r′). Then, s′ a⇒ r′ is a valid transition.

Proof. As seen in Fig. 4.19 the unique b transition enabled at s is also enabled at r and the a

transition enabled at s is also enabled at s′. And the resulting state is r′. All of this follows from

Lemma 2.6.

s = (sa,sb,sP) r = (ra,sb,sP)

s′ = (sa,s′b,sP) r′ = (ra,s′b,sP)

a

a

b b

Figure 4.19: We represent s as tuple (sa,sb,sP). aIb,P = P\(loc(a)∪ loc(b))
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s = τdstr(t ′) q = τdstr(t ′.a)

r = τdstr(t ′.b) s′ = τdstr(t ′.a.b)

a
by induction

a
diamond

by
induction

b

by
C

ase
1

b

Figure 4.20: aIb and DM ̸∈ loc(b)

We now prove the main proposition of this section.

Proof. Note that, t belongs to the domain of τdstr iff Lin(t) belongs to the domain of τ .

Clearly τdstr(ε) = τ(ε) = s0. We claim that for any trace t = (E,≤,λ ) and an action a,

τdstr(t)
a⇒ τdstr(ta) is a valid transition in A. The proof of this claim is by induction on the size

of t, that is, |E|. Towards the proof of the claim, we consider two cases:

The first is when Lin(ta) ends in the action a. It follows, from Definition 4.10 of Lin(.),

that Lin(ta) = Lin(t)a. Recall that as τ is a strategy and therefore τ(Lin(t)) a⇒ τ(Lin(t)a)

is a valid transition in Aseq and hence in A. By definition of τdstr, τdstr(ta) = τ(Lin(ta)) and

τdstr(t) = τ(Lin(t)) therefore

τdstr(t)
a⇒ τdstr(ta)

Alternatively, we can skip using the definition of Lin and use just Lemma 4.11 about Lin

to show the same as follows. Let t1 be the largest prime prefix of t such that last(t1) ∈ Σ1 and

if Lin(t) = Lin(t1)w1. We use Lemma 4.11 and Corollary 4.12 respectively to say for a ̸∈ Σ1

and a ∈ Σ1 that- Lin(ta) = Lin(t1)w2a such that η(w1) = η(w2). We next use Lemma 4.17 to

infer τ(Lin(t1)w1) = τ(Lin(t1)w2). Thus, we come to the same reasoning as follows- as τ is a

strategy and therefore τ(Lin(t1)w2)
a⇒ τ(Lin(t1)w2a) is a valid transition in Aseq and hence in

A. Then, by definition of τdstr, τdstr(ta) = τ(Lin(ta)) and τdstr(t) = τ(Lin(t)). Therefore,

τdstr(t)
a⇒ τdstr(ta).
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Now, we consider the case when Lin(ta) ends in an action b where b ̸= a. It follows that t

has a maximal event (say f ) labelled b and (a,b)∈ I. Then, as ↓ f is not a prefix of ta, it follows

from Lemma 4.11 that process 1 does not participate in b, Thus, b is deterministic.

Let t = t ′b. Then, ta = t ′ba = t ′ab. Let s = τdstr(t ′) and r = τdstr(t ′b) = τ(Lin(t ′b)) and

q = τdstr(t ′a) = τ(Lin(t ′a)). By applying induction to t ′ (whose event set has size |E|−1), we

get that s b⇒ r and s a⇒ q.

By the case assumption that Lin(ta) ends in b, we have by Definition 4.10 Lin(ta) =

Lin(t ′a)b. Let, s′ = τdstr(ta) = τ(Lin(t ′ab)). Then, as τ is a strategy, we have q b⇒ s′ is valid

transition in Aseq and hence in A.

Now, s a⇒ q and q b⇒ s′ are valid transitions and b is deterministic Fig. 4.20. Then due to

determinism on non-CDM actions Claim 4.18 allows us to infer that r a⇒ s′ is a valid transition.

This completes the proof.

4.2 Global safety and local parity CDM games

This section is concerned with CDM games with global safety and local parity objectives.

For an ATS A = ({Si},{
a−→}), maxi |Si| denotes the maximum number of local states per

process. For complexity analysis, we make the realistic assumption that every action involves at

most a fixed constant number of participating processes. Thanks to this assumption and the local

nature of transitions of A, it is easy to check that the size of A, denoted by ||A||, is polynomial

in maxi |Si|, |Σ| and |P|. Besides ||A||, the other component which contributes to the size of

a CDM game G , denoted ||G ||, is the specification of the winning condition. Observe that the

number of vertices in the game arena Aseq (see Definition 4.4) is atmost 2∗ |Σ| ∗ (maxi |Si|)|P|.

Note that (maxi |Si|)|P| is the maximum number of global-states of A. As a result, the size of

Aseq, denoted by ||Aseq|| is polynomial in (maxi |Si|)|P| and |Σ|.
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4.2.1 Global safety objective

Let us fix a CDM game G = (A,s0,Win) with A = ({Si},{
a−→}) and a global-safety winning

condition. A global-safety winning condition is given by a subset F ⊆ SP of safe global-states.

A maximal play (t,ρ) is won by the distributed system if, for all c ∈Ct , ρ(c) ∈ F . By abuse of

notation, we also write G = (A,s0,F) and refer to it as a safety CDM game.

Our solution for the safety CDM game uses the full information two-player token game

Gseq = (Aseq,s0,Winseq) from the previous section. We instantiate the winning condition Winseq

and the resulting Gseq as follows:

Definition 4.21. Let Gseq = (Aseq,s0,Fseq) be the full-information two-player safety graph game

where the safety objective for player Sys is given by

Fseq = {s ∈Vsys | s ∈ F}∪{(s,a) ∈Venv | s ∈ F}

In order to win Gseq, player Sys must have a strategy to ensure that the token never leaves the

safe-set Fseq of vertices of Aseq.

Recall that a strategy in Gseq (winning or not) always means a strategy for player Sys.

Definition 4.22. Let τ : Σ∗ → SP be a strategy in Gseq. A play α = s0,a0,s1,a1,s2, . . . of Gseq

conforms τ if, for all i, τ(a0a1 · · ·ai) = si+1. The fact that τ is a strategy ensures that we have

a directed edge in Aseq from (si,ai) to si+1. The strategy τ is winning if all maximal plays

α = s0,a0,s1,a1,s2, . . . conforming it have the property that, for all i, si ∈ Fseq.

Theorem 4.23. There is a distributed winning strategy in the safety CDM game G iff there is

a winning strategy in Gseq. Moreover, it can be decided in time polynomial (more accurately,

quadratic) in the size of Aseq whether player Sys has a winning strategy in Gseq. The running

time complexity of the resulting decision procedure for G is polynomial in (maxi |Si|)|P|, |Σ|, |F |.

Proof. Let σ : TR∗ → SP be a distributed winning strategy. We know from Proposition 4.8 that

σseq : Σ∗ → SP is a strategy in Gseq. It is also winning because every state σseq(w) reached in

σseq is seen in σ as σ(η(w)).
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Let τ : Σ∗ → SP be a winning strategy in Gseq. By Proposition 4.16, τdstr : TR∗ → SP

is a distributed strategy. It is winning because by Definition 4.15 for every trace t, τdstr(t) =

τ(Lin(t)) ∈ F

Moreover, it can be decided in time polynomial (more accurately, quadratic) in the size

of Aseq specifically (maxi |Si|)|P|, |Σ|, |F | whether player Sys has a winning strategy in Gseq.

This concludes that the running time complexity of the resulting decision procedure for G is

polynomial in (maxi |Si|)|P|, |Σ|, |F |.

The decision procedure for safety CDM games in the above theorem is EXPTIME due

to the exponential dependence on |P|. The next proposition states that these games are also

EXPTIME-hard. Together these results imply that safety CDM games are EXPTIME-complete.

Our proof of the next proposition is similar to the corresponding result for the Petri game model

with one system token studied in [Finkbeiner and Gölz, 2018]. The details are given the sub-

section coming after the next one.

Proposition 4.24. Global safety CDM games are EXPTIME-hard.

Proof. The Section 4.2.3 is dedicated to the proof of this proposition. It is a direct consequence

of Lemma 4.30, which reduces the G5 games to safety CDM games; since G5 games are known

to be EXPTIME-complete, the result follows.

4.2.2 Local parity objective

Now we analyze CDM games with local parity objectives. Parity winning conditions are central

to the theory of two-player graph games and are studied extensively in literature [Grädel et al.,

2002]. A standard parity game on a graph of size n and m colors can be solved in time nm+O(1)

[McNaughton, 1993]. A recent advance from [Calude et al., 2022] brings it down to nlog(m)+6 -

a quasi-polynomial bound.

A local-parity winning condition is given by a color function χ : S1 → {0,1, . . . ,k} that

assigns each CDM local state a color from the finite color set C = {0,1, . . . ,k}. Given a maximal

play (t,ρ) with t = (E,≤,λ ) , we define inf(t,ρ) = {s ∈ S1 | ∃∞e ∈ E1,ρ(↓e)(1) = s}. Note

that if E1 - the set of events in which process 1 participates, is finite then inf(t,ρ) = /0. The
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system wins if inf(t,ρ) is empty or max{χ(s)s∈inf(ρ)} is even. We also denote such a game by

G = (A,s0,χ) and refer to it as a (local) parity CDM game. Towards solving G , we instantiate

Gseq by an appropriate sequential parity condition.

Definition 4.25. Let Gseq = (Aseq,s0,χseq) be the standard two-player parity game where χseq :

Vsys ∪Venv →{0,1, . . . ,k} is defined as: χseq(s) = 0 and

χseq((s,a)) =

χ(s(1)) if a ∈ Σ1,

0 if a /∈ Σ1.

We now describe the winning condition Winseq of Gseq using χseq. As discussed in Sec-

tion 4.1, a maximal play of Gseq may be viewed as a sequence α = s0,a0,s1,a1,s2, . . . and it cor-

responds to the maximal movement α ′ of the token along the path s0,(s0,a0),s1,(s1,a1),s2, . . .

in Aseq. On this maximal sequence α , player Sys wins if it is finite or the highest color occur-

ring infinitely often in χα ′
seq = χseq(s0),χseq((s0,a0)),χseq(s1),χseq((s1,a1)),χseq(s2), . . . is even.

The following lemma brings out the connection between χseq and χ .

Lemma 4.26. If α is finite then player Sys wins in α . We now assume that α is infinite.

If actions from Σ1 occur finitely often in α then only color 0 occurs infinitely often in χα ′
seq

and player Sys wins in α . If actions from Σ1 occur infinitely often in α , consider the infi-

nite subsequence β ′ obtained from α ′ by restricting it to vertices in Vsys ∩ (SP × Σ1). Sup-

pose β ′ = (si1,ai1),(si2,ai2), . . .. Then the highest color occurring infinitely often in χ
β ′
seq =

χseq((si1,ai1)),χseq((si2,ai2)), . . . is same as that of χα ′
seq. Furthermore it is equal to the highest

color occurring infinitely often in the sequence χ(si1(1)),χ(si2(1)), . . ..

Proof. If actions from Σ1 occur only finitely often in α , then, along α ′, after some point, only

vertices of color 0 occur. This is a consequence of the definition of χseq which colors all vertices

in Venv as well as all vertices in Vsys of the form (s,a) with a ̸∈ Σ1 by color 0. As a result, the

highest color occuring infinitely often in χα ′
seq is 0 and player Sys wins in α .

Now assume that actions from Σ1 occur infinitely often. Observe that, by definition of

β ′, all the vertices omitted from α ′ to obtain β ′ are colored 0 by χseq. Now the claim in the

statement of the lemma about χα ′
seq and χ

β ′
seq follows immediately as 0 is the smallest color used
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by χseq. The remaining part of the lemma is a direct consequence of the definition of χseq in

terms of the (local) coloring function χ on S1.

Now we state our main result for local parity CDM games.

Theorem 4.27. There is a distributed winning strategy in the local parity CDM game G iff the

player Sys has a winning strategy in Gseq.

Proof. Let τ : Σ∗ → SP be a winning strategy in Gseq. Then, by Proposition 4.16, τdstr : TR∗ →

SP is a distributed strategy. We next prove that it is winning.

For any given play (t,τdstr) confirming τdstr where t = (E,≤,λ ) and for each ei ∈ E1, it is

established that τdstr(↓ei) = τ(Lin(↓ei)). Additionally, by virtue of Corollary 4.12, the ordering

Lin(↓e1) ⊑ Lin(↓e2) ⊑ Lin(↓e3) ⊑ . . . is confirmed. Consequently, the colors observed on t

follow the sequence τdstr(↓e1),τdstr(↓e2), . . . ,τdstr(↓ei), . . .. This sequence mirrors the colors

witnessed in the singular sequential play governed by Lin(↓E1) within strategy τ at partial plays

Lin(↓ei). To be exact, lets look at the sequential play α on Lin(↓E1) as, s0,a0,s1,a1,s2, .... Let

i1, i2... be the indices at which this play sees events in E1 = {e1,e2, ...e j, ...} i.e. e j event is seen

in index i j as, (si j ,ai j)(si j+1) where λ (e j) = ai j . Note that the local 1-state at si j is the same

as the local 1-state that was seen in si j−1+1. This is so because if the previous action ai j−1 is

deterministic then actions in Σ\Σ1 do not change the local 1-state even in sequential plays of

Gseq, else if it is nondeterministic then i j = i j−1+1. Therefore, in either case si j(1)= si j−1+1(1).

Therefore, by Lemma 4.26 highest color occuring infinitely often in χα
seq is equal to the highest

color occuring infinitely often in the sequence χ(si1(1)),χ(si2(1)), . . .. Therefore, the color seen

at ↓e j−1 in τdstr, at state τdstr(↓e j−1) = τ(Lin(↓e j−1)) = si j−1+1 is seen at Lin(↓e j) in τ in the

state (si j ,ai j).

In the scenario where set E1 is infinite, the play adheres to the parity condition χ if and only

if the corresponding play (Lin(↓E),τ) satisfies the sequential parity condition χseq. Importantly,

the deterministic part t\↓E1 in the play, as determined by t, holds no relevance to the play’s

winning outcome. If τ is winning then so is τdstr.

Let σ : TR∗ → SP be a distributed winning strategy. We know from Proposition 4.8 that

σseq : Σ∗ → SP is a strategy in Gseq. We now show that it is winning.
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Consider a maximal play α on word w conforming σseq- s0,a0,s1,a1,s2, ... By Lemma 4.26

highest color occuring infinitely often in χα
seq is equal to the highest color occurring infinitely

often in the sequence χ(si1(1)),χ(si2(1)), . . . where ai1,ai2 ... are actions in Σ1. By Proposi-

tion 4.8 we know that ∀w : σseq(w) = σ(η(w)). Therefore σseq(a0...ai j) = σ(η(a0...ai j)). Also

σ(η(a0...ai j))(1) = σ(↓ei j)(1). Now, (t,σ) is winning if the max color seen infinitely often in

χ(σ(↓ei1)(1)),χ(σ(↓ei2)(1)) . . . is even where E1 = {i1, i2..}. Therefore, if σ is winning then

so is σseq.

It turns out that we can design an EXPTIME algorithm for solving local parity CDM

games. Thanks to our assumption that each action involves at most a fixed constant number of

processes, the size ||G || for a local parity CDM game is polynomial in maxi |Si|, |Σ|, |P| and

|C| where C is the color set for the parity condition. In contrast, the derived standard parity

game Gseq has an arena of size polynomial in (maxi |Si|)|P| and |Σ|, while using only |C| colors.

As mentioned before, there are algorithms for solving parity games on arena of size n and m

colors in time nm+O(1) [McNaughton, 1993] and nlog(m)+6 [Calude et al., 2022]. Using such

an algorithm for solving Gseq results into an algorithm for solving a local parity CDM game

G whose running time is exponential in ||G ||. This discussion shows that we have EXPTIME

decision procedures for solving local parity CDM games. We can also show that local parity

CDM games, even with two colors, are EXPTIME-hard. Thus we obtain the following theorem.

Theorem 4.28. Local parity CDM games are EXPTIME-complete.

Proof. We have presented an EXPTIME algorithm for solving local parity CDM games, thereby

establishing that this problem belongs to EXPTIME.

EXPTIME-hardness of parity CDM games follows directly from Lemma 4.31, which re-

duces the G5 games to parity CDM games. Since G5 games are known to be EXPTIME-

complete, the result holds.
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process CDM

process X1,X2,Y1

1

next

x1

Fx1

x2

Fx2

x

Fx

2

y1

Fy1

y

Fy

E
E⊤ E⊥

ch1 ch2

a

X1 X1

Fx1

Fx1

X2 X2

Fx2

Fx2

Y1 Y1

Fy1

Fy1

(E,x1,y1,∨0)
∨−→ (E,x1,y1,∨)

(E,x1,y1,∨0)
∨−→ (E,x1,y1,∨)

(E,x1,y1,∨0)
∨−→ (E,x1,y1,∨)

(E,x1,y1,∨0)
∨−→ (E,x1,y1,∨)

(E,∨,x2,∧0)
∧−→ (E⊤,∨,x2,∧)

(E,∨,x2,∧0)
∧−→ (E⊥,∨,x2,∧)

(E,∨,x2,∧0)
∧−→ (E⊥,∨,x2,∧)

(E,∨,x2,∧0)
∧−→ (E⊥,∨,x2,∧)

Figure 4.29: G5 reduces to global safety game with local unsafe state E⊤ and G5 reduces to

parity game with coloring χ(E⊤) = 2 and if s1 ̸= E⊤ then χ(s1) = 1. Formula is (x1 ∨ y1)∧ x2.

4.2.3 EXP lower bound for CDM global safety and local parity

Our proof of EXP lower bound for CDM games is similar to the corresponding result for the

Petri game model with one system token studied in [Finkbeiner and Gölz, 2018].

The results in this section, although found independently, are similar to [Finkbeiner and

Gölz, 2018]. For the lower bound we simulate a combinatorial game known to be EXP-complete

given by [Stockmeyer and Chandra, 1979].

The game G5 = (PI,PII,R) can be described as follows. The move relation R is described

by pairs of positions. A position is a triple (τ,F(X ,Y ),α). Here, τ ∈ {1,2} differentiates

positions PI of Player I from positions PII of Player II. The formula F is in CNF whose

variables have been partitioned into disjoint sets X ,Y and a is an assignment for the set of

variables V (F) in F . Player I(II) moves by changing at most one variable in X(Y ): passing is

allowed. Player I wins if the formula F is ever true. We define game G5 when Player I wins if

the formula F is never true.

We consider Fig. 4.29 for the example instance of G5 and G5 is given by τ = 1, formula

F = (x1∨y1)∧x2 with initial evaluation α given by x1 = x2 = y1 = 0. The set of processes P =

{CDM,X1,X2,Y1,∨,∧} and set of actions Σ given by ΣCDM = {next,ch1,ch2,Fx1,Fx2,Fx,Fy1,Fy,∧,∨,a},

ΣX1 = {Fx1}, ΣX2 = {Fx2}, ΣY1 = {Fy1}, Σ∨ = {∨}, Σ∧ = {∧}.
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Variable assignment by both players: For every variable in X ∪Y there is a process whose

current state reflects its current value. This value is chosen by the system/player I using non-

deterministic actions if the variable is in set X or environment/player II using deterministic

actions if the variable is in set Y .

Transitions: Player I moves by choosing the next CDM state on a non-determinisitc action

thereby stating the variable whose value is to be changed or asking for an evaluation or passing.

(1) 1−→ (1,x) for every x ∈ X . ((1,x),0x)
x−→ ((2),1x) The system can request an evaluation after

any move using ((1,x),0x) −→ (eval,1x) and (1) 1−→ (eval). Deterministic actions are used to

evaluate α using |F | processes and binary transitions. States of a process in this group are

{inF ,0F ,1F}. A formula F contains variables and connectives. Player II moves by choosing

a deterministic action to change the value of one variable y in Y . This action is a deterministic

action on process y and CDM when CDM is in state (2). (2,0y)
y−→ (1,1y)

Evaluation gadget: After any assignment, the system can call for an evaluation for reduction

to G5. For G5 the environemnt can call for an evaluation. Then, after each evaluation the choice

of going to the next player or the E state is made by the environment using deterministic actions

instead of non-deterministic ones i.e. Fx1,Fy1....

There are another |F | processes to evaluate F at the current assignment. A process for

each binary connector synchronizes with CDM in state E and the 2 processes responsible for

assessing its sub-formulas to evaluate this connector using deterministic actions. This requires

4 transitions to evaluate each connector. The final value determines the winner of the game.

This evaluation can be true resulting CDM to be in state E⊤ or it can be false forcing the

CDM to state E⊥. The only transition from true state E⊤ is a deterministic self loop.

Objective: G5 reduces to global safety game with |X ∪Y | processes. The local unsafe state of

the global safety game is E⊤.

G5 reduces to parity game with with |X ∪Y | processes. The coloring function is given by

χ(s1) = 2 if s1 = (E⊤) else χ(s1) = 1.

Lemma 4.30. The game G5 has a winning strategy iff the corresponding global safety CDM

game has a winning strategy.
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Proof. There is a one-to-one correspondence between strategies in ATS game and the proposi-

tional games. For G5 we get a local safety winning condition and as soon as the formula is true

it is the Environment’s responsibility to call for an evaluation and reach an unsafe state.

Lemma 4.31. The game G5 has a winning strategy iff the corresponding parity CDM game has

one.

Proof. There is a one-to-one correspondence between strategies in ATS game and the proposi-

tional games. For G5 we get a parity winning condition and as soon as the formula is true in the

ATS game it is the system’s responsibility to call for an evaluation and reach an even state.

4.3 Finite-state distributed strategies

In this section we investigate distributed strategies in CDM games which admit a finite-state

implementation.

It is well-known (see [Grädel et al., 2002]) that for standard two-player full-information

sequential games with safety and parity objectives, existence of a winning strategy implies

existence of a positional/“zero-memory” winning strategy. Unfortunately, this is not so for

CDM games. It is easy to verify that the safety CDM game from Fig. 4.2 does not admit a zero-

memory distributed winning strategy. However, we have already exhibited a valid distributed

winning strategy for this game in Example 4.3.

Let us fix a safety/parity CDM game G = (A,s0,Win) with A = ({Si},{
a−→}). Recall that

in Sections 4.2.1 and 4.2.2, we have shown that we can extract a distributed winning strategy

τdstr in G from a sequential winning strategy τ in Gseq. The key property shared by Gseq in both

instantiations is that: if player Sys has a winning strategy in Gseq then it also has a positional

winning strategy. Our main goal now is to obtain a memory automaton realizing the distributed

strategy τdstr in G which is extracted from a positional strategy τ in Gseq.

Definition 4.32. Let τ : Σ∗ → SP be a strategy in Gseq. We call τ positional if there exists a

function fτ : Vsys → Venv such that, for every w in the domain of τ and for every a which is

enabled at τ(w), τ(wa) = fτ((τ(w),a)). We refer to fτ as the witness function of τ .
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Proposition 4.33. Let τ : Σ∗ → SP be a positional strategy in Gseq with fτ : Vsys →Venv as the

witness function of τ . Further, let τdstr : TR∗ → SP be the “extracted” distributed strategy in

G defined as: for t ∈ TR∗, τdstr(t) = τ(Lin(t)). Then, for a prime trace t of the form t = t ′a,

τdstr(t) = fτ((τdstr(t ′),a)).

Proof. We have τdstr(t) = τ(Lin(t)) and τdstr(t ′) = τ(Lin(t ′)). By Definition 4.10, we have

Lin(t) = Lin(t ′).a. Further, by Definition 4.32, it follows that τ(Lin(t)) = fτ((τ(Lin(t ′)),a)).

Therefore, τdstr(t) = τ(Lin(t)) = fτ((τdstr(t ′),a)).

The above proposition shows that the response of τdstr at the last a-event e of a prime

trace t = t ′a can be determined (using fτ ) by the processes participating in e provided they

can compute τdstr(t ′). Note that t ′ = ⇓e is their collective causal past at e. Hence τdstr(⇓e)

represents the last/latest global-state about the entire system that they are aware of at e. This

suggests that, in order to realize a finite-state implementation of τdstr, each process should keep

track of the latest global-state that it is aware of, in its local memory. When a subset of processes

synchronize on a shared action, they need a finite-state mechanism to compute the best global-

state that they are collectively aware of. It turns out that this can be achieved with the help of

the gossip automaton from [Mukund and Sohoni, 1997].

We first develop some more notation. Let t = (E,≤,λ ) be a finite trace, i∈P and P⊆P .

Recall that Ei is the set of events in which process i participates. We earlier defined ∂i(t) to be

the trace induced by ↓Ei – the events in the causal past of process i. Similarly, ∂P(t) is the trace

induced by ∪ j∈P↓E j and it represents the collective causal past of processes in P. We now define

function latestQ : TR∗(Σ)×P → 2Q that gives which processes in the set Q have the latest

information about a given process k in a given trace t. For Q = {i1, i2, . . . , il}, j ∈ latestQ(t,k)

iff ∂k(∂Q(t)) = ∂k(∂ j(t)). This is illustrated in Fig. 4.34. We now state the key result from

[Mukund and Sohoni, 1997].

Theorem 4.35. There exists an effectively constructible deterministic complete asynchronous

automaton Agossip = ({Vi},{∇a},v0) over Σ̃, called the gossip automaton, and, for each Q =

{i1, i2, . . . , il}⊆P there exists an effectively computable function gossipQ : Vi1 × ...×Vil ×P →

2Q such that, for every trace t and every process k, latestQ(t,k) = gossipQ(vQ,k), where v is the

global state of Agossip reached on the unique run of Agossip on t.
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i

j

r

a

i → r j → r

Figure 4.34: Gossip automaton: latestQ(t,k) = gossipQ(vQ,k): At trace ta τdstr(ta)a =

fτ(τdstr(∂a(t)),a)a. How do participating processes know the global state at their combined

view? Each process keeps track of its best knowledge of the global state. When a set of pro-

cesses meet they would like to update this information. Gossip automaton allows just that.

When two processes i, j meet it can answer this question - who has a better information about

a third process r? In this trace ta, j ∈ latesta(t,r).

We now describe the memory automaton A which realizes τdstr from Proposition 4.33.

We set A = ({Si ×Mi},{δa},(s0,m0)) where for each i, Mi = SP ×Vi. So, a local memory

i-state mi = (qi,vi) ∈ Mi of process i contains a local gossip i-state vi and a global state qi ∈ SP

in A. Intuitively, qi is the best global state that process i is aware of. The initial global memory

state m0 ∈ MP is defined as: for each i ∈ P , m0(i) = (s0,v0(i)). Note that s0 (resp. v0) is the

initial global state of A (resp. Agossip).

We now turn our attention to the definition of the transition function δa of A . Let us

suppose that loc(a) = Q = {i1, i2, . . . , il}. Fix (sa,ma) ∈ Sa ×Ma such that a is enabled at sa in

A. For each i ∈ loc(a), ma(i) = (qi,vi) ∈ SP ×Vi. Recall that ∇a is the a-transition function of

Agossip and let va ∈ Va be such that, for each i ∈ loc(a), va(i) = vi and v′a = ∇a(va). We now

define δa((sa,ma)) as follows. We first compute the best global state ŝ ∈ SP that processes in

Q = loc(a) are aware of. For each k ∈ P , we set

ŝ(k) = q j(k) where j ∈ Q is such that j ∈ gossipQ((vi1,vi2 , ...,vil),k)

We next compute ŝ′ = fτ((ŝ,a)) and define δa((sa,ma)) to be (ŝ′a,m
′
a) where, for each i∈ loc(a),

m′
a(i) = (ŝ′,v′a(i)).

The key property of this construction can be stated as follows-

Lemma 4.36. For any trace t, if A (t) = (s,m), with m = (q,v) then qi = τdstr(∂i(t)) and s =
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τdstr(t).

Proof. We prove the claim by induction on the size |E| of the trace t = (E,≤,λ ). Let t be a

trace such that A (t) = (s,m) with m = (q,v). We show that for every process i, it holds that

qi = τdstr(ti), where ti = ∂i(t), and moreover s = τdstr(t). Proposition 4.16 states that τdstr is a

valid distributed strategy. As ti is a prime trace Lemma 2.16 implies that qi(r) = τdstr(∂r(ti)).

For the base case, A (ε) = (s0,m0) and the claim follows. Say the statement is true for t we

prove it for ta.

Note that as τdstr is a distributed strategy, for any trace t, τdstr(ta)a = τdstr(∂a(t)a)a and

∂a(t)a is always a prime trace. Therefore when τ is memoryless with witness function fτ ,

Proposition 4.33 says that τdstr(ta)a = fτ(τdstr(∂a(t)),a)a.

Let tr = ∂r(∂a(t)) Now, let A (tr) = (m(r),s(r)). Then, because of the induction step q(r)r =

s(r) and s(r) = τdstr(tr). Next, using the gossip automata state let j = gossipa(va,r). Then,

by Theorem 4.35 j = latesta(t,r) and ∂r(∂a(t)) = ∂r(∂ j(t)). Therefore, tr = ∂r(∂ j(t)). By

induction, q j = τdstr(∂ j(t)). Therefore, q j(r) = τdstr(tr)r = τdstr(ta)r.

In the construction of A , the intermediate state ŝ is given by- ŝ(r) = q j(r) where j ∈

loc(a) is such that j ∈ gossipa((va),r) therefore we have ŝ(r) = τdstr(∂r(∂a(t)))r = τdstr(∂a(t))r

and ŝ = τdstr(∂a(t)). Let, A (ta) = (s′,m′) with m′ = (q′,v′). Then, for each i ∈ loc(a), q′a(i)

given by ŝ′ satisfies q′a(i) = τdstr(∂i(ta)). For i ̸∈ loc(a), q′(i) = q(i) = τdstr(∂i(t)). As i ̸∈ loc(a),

∂i(ta) = ∂i(t). Therefore, q′(i) = τdstr(∂i(ta)). Next, s′ given by sa and ŝ′a satisfies s′ = τdstr(ta).

Thus, the induction step is complete.

We prove in Lemma 4.36 that at trace t when action a is played this distributed mem-

ory automaton successfully updates the a state to τdstr(ta)a from τdstr(t)a. As a consequence

this finite construction allows the distributed system to lift off the distributed strategy from the

sequential strategy and follow it. We thus have-

Theorem 4.37. The distributed strategy τdstr extracted from the positional sequential strategy τ

is finite-state. In fact, it is realized by the memory automaton A defined above.

When applied to safety/parity CDM games, the above theorem provides a memory au-
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tomaton realizing a distributed winning strategy. Note that Agossip does not depend on the

specification of the game G at all. Distributed memory complexity maxi |Mi| of this memory

automaton is bounded by (maxi |Si|)|P|.(maxi |Vi|). This exponential dependence on P is due

to the fact that each process stores in its local memory state a global-state of A. Our next result

shows that this exponential dependence on P is necessary. Its proof is based on an adaptation

of the memory lower bound argument for generalized reachability in sequential games from

[Fijalkow and Horn, 2012b].

Theorem 4.38. For every k, there exists a global safety CDM game G = (A,s0,Win) with

A = ({Si},{
a−→}) with |P|= k+1 such that the central decision maker process has O(k) local

states and every other process has O(1) local states. Further, there exists a distributed winning

strategy in G . However, any memory automaton realizing a winning distributed strategy in G

must have at least 2k local memory states for the central decision maker.
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Figure 4.39: Memory lower bound: The pairing (i,ri) and (i, fi) in any global state makes it

unsafe

Proof. We describe the safety game where system needs 2k memory states to win. The decision

maker process is shown in Fig. 4.39(a) for k = 5. For the k deterministic processes, the tran-

sitions for process i are shown in Fig. 4.39(b). The pairing (i,ri) and (i, fi) in any global state

makes it unsafe.

Action i is a shared action between the CDM and process i. Local actions of the CDM are

not named. A play starts from the initial state (0,(bi)i∈[1..k]). First environment chooses a petal
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i, and system chooses either for the CDM processes to reach state i before going back to the 0

state (the play goes on), or to reach i and to stop the play.

CDM wins with the following strategy- The first time environment plays action i, process

1 goes to state i and returns to initial state, the second time process 1 goes to state i. This way

the system would remain safe. Process 1 has memory automaton M1 = 2{1,...k} and remembers

the petals visited previously.Therefore, the size of memory for process 1 is |M1|= 2{1,...k}= 2k.

All other processes have only deterministic actions and never use any memory.

Next we prove that there is no winning strategy for this game with less than 2k memory

states in M1.

Let there be a strategy A = ({Si ×Mi},{δa},(s0,m0)) with |M1| < 2k. We show that

it cannot be winning. We define stopping function as Stop : M1 → 2{1,...k} where m 7→ Sm if

Process CDM in memory state m chooses i when environment plays action i ∈ Sm. Formally,

Sm = { i | δix(m,0) = (m′, i) for some memory state m′ }.

Therefore in the memory state m on action i ̸∈ Sm process CDM goes to state i.

As |M1|< 2k there is a set which has no preimage in function Stop. We call it X . The only

state where environment has more than one action enabled in process CDM is the initial state

0. Environment wins against this strategy in the play described as follows- Each time process

CDM is in state 0, and memory state m environment plays an action from (X − Stop(m))∪

(Stop(m)−X). This set is never empty because X is not an image for any memory state.

If environment plays in X for more than X + 1, then state combination (i,ri) is seen and

therefore system looses. If environment does play an action i from Stop(m)−X when process

CDM is in memory state m then, we can show that action i has not been played earlier. Say in

memory state m′ action i was played earlier.It could not have been in X −Stop(m′) as i /∈ X .

It could not have been in Stop(m′)−X as then then process 1 would have reached i, stayed in

that state and never return to state 0. As i ∈ Stop(m)−X process 1 reaches i and stays in that

state. Therefore, state i is never visited by process 1. In this case environment wins in the play

because then state (i, fi) is seen.
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4.4 ATS games with two decision makers

It is natural to ask about the decidability status of ATS games in the presence of multiple

decision making processes. We have established that when there is a single decision maker,

all actions scheduled concurrently with the decision maker are deterministic, and determining

whether there exists a winning strategy is an EXPTIME-complete problem. However, as soon

as the game involves two decision makers who can make choices concurrently, the problem

of determining whether there exists a winning strategy becomes undecidable, even for safety

winning conditions. Towards this, we establish the following theorem.

Theorem 4.40. ATS games with two decision makers are undecidable.

Our proof of the above theorem uses the key ideas from [Gimbert, 2022] which showed

that six-process asynchronous control games are undecidable. More precisely, we use the in-

termediate problem infinite bipartite coloring introduced in [Gimbert, 2022] for our reduction.

We then revisit the ideas in the proof of the undecidability of six-process asynchronous con-

trol games and adapt them to the setting of fourteen-process safety ATS games with only two

decision making processes. The undecidability proof relies crucially on the ability of the two

decision makers to take truly concurrent decisions. If the decision events are causally ordered

despite involving disjoint sets of processes, then we can in fact adapt the arguments of the cur-

rent work to get back the decidability. We have presented these arguments for the CDM setting

for convenience.

Proof idea. For a finite set of colors C, an infinite bipartite coloring is a function f : N×N→C

mapping each pair of numbers to a unique color. We use A and B to denote the two infinite

numbered sets of nodes in this graph. The coloring constraints allow or disallow colorings

adjacent in either one or both partitions as follows. Given c = f (x,y) for (x,y) ∈ A × B a

constraint specifies if c′ = f (x+ 1,y) or f (x,y+ 1) or f (x+ 1,y+ 1) is allowed or not. cc′ is

in set upper triangle(UT), lower triangle(LT) or square(S) respectively if ( f (x,y), f (x+1,y)) or

( f (x,y), f (x,y+ 1)) or ( f (x,y), f (x+ 1,y+ 1)) is not allowed. Given a set of constraints, the

problem is to decide if there exists a coloring that satisfies the constraints.

[Gimbert, 2022] shows that this infinite graph coloring problem is undecidable and reduces
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6 processes asynchronous games to BCP. The ATS games reduced from BCP in a similar fashion

satisfy the following interesting properties.

In these games, there are two pools of processes one pool for each partition A and B of

the graph. Each pool consists of three processes. These processes participate in deterministic

actions among themselves called increments. Each process in a pool participates in two out of

three increments. Every three successive increments in a pool constitute a round.

The increments are designed such that the three processes are either all in the same round

or in adjacent rounds. The information of which processes is ahead or if both processes are in

the same round can be inferred from the state space of the two processes.

Both pools participate in a number of rounds. Thus, each process can keep track of rounds

in its causal past. The two pools advance in their rounds concurrently. For any tuple (x,y) ∈

A×B a process in pool A, along with a corresponding process in pool B can be queried the

color f (x,y) when pools A and B are in rounds x,y. Thus, a process in round x in Pool A is

held answerable for node x in Partition A. Concurrently, another process in pool A, along with

a corresponding process in pool B can be queried the color of round (x,y) or an adjacent round

(x+1,y) or (x,y+1) or (x+1,y+1).Any one of these queries can be made in different plays

where the first query for f (x,y) has the same causal past. As the two queries are concurrent in

the corresponding play, it is ensured that the processes give the same answer for the same query

or it allows a suitable constraint to be checked.

The query for f (x,y) can also be made concurrently to queries for f (x−1,y), f (x,y−1)

or f (x−1,y−1) in different plays. This is the reason why the system is forced to give a valid

coloring satisfying all constraints.

This suggests that 6DM is undecidable. Further, the processes responsible for making the

non-deterministic choices of a color can be w.l.o.g. to be three processes from a single pool.

We could then infer that 3DM is undecidable. We extend this proof by adding more processes

to the game to serve our purpose of proving that 2DM to be undecidable.

We add two oracle processes external to the pools. We replace each process in a pool by

a pair of processes each corresponding to an oracle. Now, the two oracles always participate

in the two queries that are done concurrently. The query responses by each process in a pair

are always the same because they can be asked the same query concurrently as well. Thus, all
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non-deterministic choices involve the oracles making 2DM undecidable.

4.4.1 Infinite bipartite coloring problem and its undecidability

Definition 4.41 (infinite bipartite C-coloring). . For a finite set of colors C, an infinite bipartite

coloring is a function f : N×N→C mapping each pair of numbers to a unique color. f (0,0)

is called the initial color.

A coloring f : N×N→C induces the following patterns.

• the squares of f are all pairs {( f (x,y), f (x+1,y+1) | (x,y) ∈ N×N}.

• the upper-triangles of f are all pairs {( f (x,y), f (x+1,y) | (x,y) ∈ N×N}.

• the lower-triangles of f are all pairs {( f (x,y), f (x,y+1) | (x,y) ∈ N×N}.

A coloring constraint is given by three subsets S,UT,LT of C2 called the forbidden pat-

terns, and a subset Ci of C, the allowed initial colors. A coloring f satisfies the constraint if its

initial color is in Ci, and none of the patterns induced by f are forbidden. The infinite bipar-

tite coloring problem asks whether there exists an infinite coloring satisfying given constraints

on the induced patterns. While the paper [Gimbert, 2022] formally presents a reduction from

PCP to BCP, it explicitly states(see conclusion of [Gimbert, 2022]) that the construction can

be adapted to encode infinite PCP instances in order to handle deadlock-freeness objectives.

Consequently, it can also be adapted to reduce ω-PCP to ω-BCP.

An instance of ω-PCP is a finite collection of tiles (ui,vi)i∈I where, each tile (ui,vi) con-

sists of two non-empty strings in Σ∗, ui the top word and vi the bottom word. The problem is to

determine whether there exists an infinite sequence of indices in I such that, the concatenation

of tiles in this sequence produces the same top word and bottom word. In case such a sequence

exists, the ω-PCP instance is said to have a solution. Checking whether an instance has such a

solution is known to be undecidable.
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4.4.2 Undecidability of 2 decision maker case with 12 more deterministic

processes

The main result of this section is:

Theorem 4.42. There is an effective reduction from the infinite bipartite coloring problem to 2

decision maker problem.

An ATS game G = (A,s0,Win) is said be a 2DM game if there exists two processes 1,2 ∈

P such that, at least one of them participates in every non-deterministic action of the ATS

A = ({Si},{
a−→}}. Recall that an action a of A is non-deterministic if there exists sa,s′a,s

′′
a ∈ Sa

such that both (sa,s′a) and (sa,s′′a) are a-transitions (that is, belong to a−→) and s′a ̸= s′′a . Stated

differently, if neither 1 nor 2 participate in an action b, then the local transition function b−→ of A

is deterministic.

We show how to effectively transform an instance (Ci,S,UT,LT ) of infinite bipartite col-

oring problem on a set of colors C into a distributed 2DM game G such that:

Lemma 4.43. There is a winning strategy in G iff there is an infinite bipartite coloring satisfying

the constraints (Ci,S,UT,LT ).

In the rest of the section we describe the construction of the game G and then prove the

next Lemma 4.43.

Game processes: In the game, there are two pools, T and B, each containing six processes.

Each pool is divided into three pairs of processes, labeled as 0,1 and 2. Additionally, there

are two oracles, O0 and O1. These are the non-deterministic processes that participate in every

non-deterministic action.

Process Pairs: In each pool X , a pair Xi consists of processes Xi0 and Xi1, where i ranges from

0 to 2. For example, in pool T , the pairs are {T00,T01},{T10,T11} and {T20,T21}.

Next, we describe the actions, states, and transitions shared among these processes. Fig. 4.44

illustrates the events of this game. A play corresponds to a maximal conflict-free set of events.

Two events are in minimal conflict if they are not causally related, share at least one common

participating process, and no other pair of events in their causal past is in conflict.
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Deterministic Increment Synchronization: During each increment, two pairs of processes

from a pool synchronize. On IXi , the pairs i and i+1 mod 3 pair of pool X synchronize. Specif-

ically, the synchronization on increment action IXi involves processes Xi0,Xi1,X(i+1 mod 3)0, and

X(i+1 mod 3)1, where i is the pair index and X is the pool.

Teams and Oracle non-deterministic Synchronization: For each pair i ∈ {0,1,2} and for

each oracle o ∈ {o0,o1}, there is a team Dio consisting of three members: Processes Tio,Bio

from the two pools and the oracle o. This team synchronizes on the action Cio.

This description clarifies the structure of the pools, the synchronization among the pro-

cesses. We use X to denote pools, i to denote pairs, o to denote oracles and Dio to denote

teams.

State space of each process in a pool contains the following information. An "increment

allowed" bit is set to true for the pair X0o and false for every other pair in pool X . This bit is

flipped for each process on every increment. An increment IXi is allowed only if this bit is true

in pair Xi0,Xi1.A round for pool X consists of three increments IX0, IX1, IX2. Each process in the

pool participates in 2 increments per round.

No two increments in a pool are concurrent. A pool X is in round x after (IX0IX1IX2)
xIX0

(IX0IX1IX2)
xIX0IX1 and (IX0IX1IX2)

xIX0IX1IX2. A " mod 4 counter" is maintained with values in

{0,1,2,3} which is updated on each increment. This allows the processes to maintain a "round

parity bit". Values 0,1 of the counter indicate even round parity set to 0 and values 2,3 of the

counter indicate odd round parity set to 1.

The state space of each oracle contains the information of a color. When the environment

challenges a team Dio for color it involves one process Xio from each pool and an oracle Oo.

These then have the information of top round parity, bottom round parity, and a color. And the

team is expected to respond with the current round edge color.

When a top pool process Tio is in round x and a bottom pool process Bio is in round y,

the environment can ask team Dio- "what is the color of edge (x,y)?" using a check action Cio.

After the check, the couple picks a color value c for f (x,y) and stores the answer in its next

state which is blocking. Intuitively, if the strategy of the players makes them cheat or describe

a coloring f which does not satisfy the constraints, the environment can trigger one or two

checks which make the system lose. After this any enabled increments may be scheduled for
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other processes. Then a check with another couple is inevitably scheduled. The safety of the

blocking states of the participating processes decides the winner of the play. Two such questions

can be asked concurrently either in the same round or in consecutive rounds. After that another

couple participates in a check action before the end of next round There are only two possible

outcomes: The next state for both couples is either safe and the system wins or is unsafe and

the system loses.

A typical play in this game is either a deterministic play product of (IX0IX1IX2)
∗ for X = T

and X = B or we can have two non-deterministic actions. Any process participating in a non-

deterministic action goes to a blocking state and the winner is determined by the safety of this

state.

Before stating the winning conditions and its implications notice that whether or not two

processes are in the same round can be known by keeping track of whether it is an odd or an

even round for a given process. In both pools process X1 and X2 are always in the same round

and process X3 may be one round behind, or in the same round, but never ahead. Therefore,

along with parity information, one can discern if process X3 is in the same round or previous

round. From the parity of the round and the process numbers, one can derive if they are in the

"same round" or "who is ahead".

A team Dio after a synchronization is said to be in the round (x,y) if the pool T process

(pool B process resp) it participated with is in round x (round y resp). Wlog we assume that

the couple is in round (x,y) after its participation in a check. After another team Di′o′ has also

participated in some check action-

1. The two teams may be in the same round (x,y) and hence in same round relation.

2. If in second team Di′o′ both pools are ahead i.e. (x+1,y+1) of first team Dio we say that

they are in square round relation.

3. If Top pool is in different rounds and Bottom pool is in same round, i.e. second couple

Di′o′ is in round (x+1,y) we say that they are in upper triangle relation.

4. Similarly for lower triangle, if second couple is in round (x,y+ 1), we say that they are

in lower triangle relation.

After both checks we would want the two teams Dio,Di′o′ should satisfy the constraints for
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the round index relation they are in. We now state the winning conditions and its implications.

Set of unsafe states is the union of the following sets. Any two teams Dio,Di′o′-

1. in the same round relation with different colors is an unsafe state.

2. in square round relation, not satisfing the square constraint are in unsafe state.

3. in upper triangle(lower triangle resp) relation, not satisfing the upper triangle (lower tri-

angle resp) constraint are in unsafe state.

4. Additionally, if both teams are in round 0 and their answer c is a color which is not initial

c /∈Ci. The condition "has played a single increment " can be stored in the state space of

the processes, and used to allow or not this transition.

Therefore the only way for system to lose is when the two couples choose inconsistent answers

and land in an unsafe state or choose a wrong initial color. Losing can occur in four different

ways. Three of them correspond to the constraints in the definition of the BIPARTITE COL-

ORING PROBLEM. If no checks are made by the environment the play stays deterministic

and is won by the system. But in general, a winning strategy should also react correctly to

non-deterministic actions or checks.

Proof of Lemma 4.43. (⇐)We start with the converse implication that is if there is a bipartite

coloring f satisfying the constraints then there is a winning strategy in G. Assume that there is

an infinite bipartite coloring f : N×N→C satisfying the constraints (Ci,S,UT,LT ). A winning

strategy for the system, when the environment does a check with team Dio is to find its round

number (x,y) from the combined causal past of participating processes and answer with f (x,y).

Since f is well defined the first unsafe set is never seen. Since f also satisfies the con-

straints, after two check actions, the participating processes are in safe blocking state. As no

further transitions are possible the system wins.

(⇒) We now prove the direct implication. Assume there is a winning strategy σ in G .

We define a bipartite coloring f and prove that it satisfies the constraints.

Given a trace u, let ux,0 = (IT,0IT,1IT,2)
xIT,0, ux,1 = (IT,0IT,1IT,2)

xIT,0IT,1, and ux,2 =

(IT,0IT,1IT,2)
xIT,0IT,1IT,2; similarly we define vy,0,vy,1,vy,2 using the bottom process actions.

77



T00 . . .

B00 . . .

T01 . . .

B01 . . .

T10 . . .

B10 . . .

T11 . . .

B11 . . .

T20 . . .

B20 . . .

T21 . . .

B21 . . .

O0 . . .

O1 . . .

Round 0 . . . Round x Round x+1

Round 0 . . . Round y Round y+1

IT 0 IT 0 IT 0

IT 1 IT 1 IT 1

IT 2 IT 2 IT 2

IB0 IB0 IB0

IB1 IB1 IB1

IB2 IB2 IB2

C00

C01

C10

C11

C20

C21

C00 C00

f (x,y) f (x+1,y) f (x+1,y+1)

Figure 4.44: Undecidability of 2 decision maker: A play- Each round is separated by dotted

lines. Non-deterministic actions can occur at various occasions as pointed out by various check

points in which one of the oracles participates. Notice that any two consecutive checkpoints are

concurrent and thus can occur in the same play.
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Then we define f (x,y) = σ(ux,0vy,0c00)O0 . We randomly fix couple 00 to see the color response

when oracle 0 asks the color of that edge. We now show that f satisfies the constraints.

We will show that we have fixed the unsafe state so that if a constraint is not satisfied

the environment can force a visit to an unsafe state. For any pool, in any round, checks can

happen at 3 points that is after each increment by any one of the oracles. A check after the

first increment of a round can happen in parallel with the last round of one or both pools and

so should be consistent with the choice in last round. The check after the last increment of a

round can happen in parallel with the next round and so should be consistent with the choice

in last round. But both of these checks can happen in parallel with the check after the second

increment which is why the choice of the color should be singular. More formally, we state the

following.

An unsafe state is possible in case one of the following conditions hold: There are four

ways to lose, which require that two checks occur in parallel, for two different teams Dio,Di′o′

respectively. This leads to two parallel answers corresponding to colors c and c′, respectively.

The conditions for losing rely on the round index relation of the two checks.

We see that σ(ux,0vy,0c00)O0 = σ(ux,0vy,0c01)O1 = σ(ux,1vy,1c10)O0 = σ(ux,1vy,1c11)O1 =

σ(ux,2vy,2c20)O0 = σ(ux,2vy,2c21)O1 .

As there is no conflicting action in each consecutive pair, they can occur in the same play

and the first safe set ensures equality. Notice that, as the checks are concurrent the answers

for a check do not change in different plays, yet their presence in different plays allows the

environment to test their equality or related constraint.

The pair (σ(ux,2vy,2c21)O1,σ(ux+1,0vy+1,0c00)O0) satisfies the square constraint. As only

process pair X2 is blocked process pairs X0 and X1 can still move to the next round either in

both pools or in one of the pools. And the check on team 0 is independent of check on couple

2. Therefore pair ( f (x,y), f (x+1,y+1)) satisfy the square constraint.

Similarly because of the pair (σ(ux,2vy,2c21)O1 ,σ(ux+1,0vy,2c00)O0) being in safe set, the

values ( f (x,y), f (x+ 1,y) satisfies the upper triangle constraint. And similarly because of the

pair (σ(ux,2vy,2c21)O1, σ(ux,2vy+1,0c00)O0) being in the safe set the values ( f (x,y), f (x,y+1))

satisfies the lower triangle constraint. As σ(u0,0v0,0c00)O0 is a safe state f (0,0) is an initial

color. We then see that all required constraints are satisfied.
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Chapter 5

Control games and their equivalence to

ATS games

Control games have been extensively studied [Genest et al., 2013; Muscholl and Walukiewicz,

2014; Gimbert, 2017, 2022] and are recognized as undecidable. Moreover, ATS games exhibit

equivalence to Control games, meaning that for every ATS game, a equivalent control game can

be constructed. This equivalence ensures that if a system possesses a winning strategy in one

type of game, it will possess it in the other as well. Conversely, an ATS game can be constructed

for every control game, maintaining this symmetry.

In this chapter, we establish an initial connection between control games and asynchronous

transition system (ATS) games by showing that they are equivalent in expressive power. Control

games—well-studied and known to be undecidable—can be systematically transformed into

equivalent ATS games, and conversely, ATS games can be encoded as control games. This

correspondence highlights a close relationship between the two models and will eventually

allow insights from one model to be translated to the other. For this we describe the control

games more formally.
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5.1 Control Games

We fix a distributed alphabet Π̃ over a fixed team P of processes. Let Π =
⋃

i∈P Πi be the

total alphabet, that is, the set of all actions. In a control game [Genest et al., 2012], Π is

partitioned into two sets of actions: controllable actions, denoted as Πcon, and uncontrollable

actions, denoted as Πucon. This partitioning Π = Πcon ⊔Πucon reflects the distinct roles played

by the system and the environment in influencing the game dynamics.

Central to the study of control games is the concept of a deterministic automaton, rep-

resented as B = ({Qi},{ c
a−→}), where Q is the set of states and c

a−→ denotes the deterministic

transition relation for each action a. Given an initial state, and a trace, the state of the automaton

is uniquely determined by the deterministic transitions on each successive action. Recall that

given an initial state s0, B(u) denotes the final global state attained on the unique run of B

on the finite trace u. Specifically the unique run ρ on a trace u from initial state s is given by

ρ(c) = B(c) for all c ∈Cu.

For our convenience, we state the abstract winning condition for control games as a set of

traces Win.

Definition 5.1. A control game is of the form G= (B,s0,Win) where

• B = ({Qi},{
a−→}) is a deterministic asynchronous transition system over Π̃.

• q0 ∈ QP is an initial global state of B.

• Win is a specification of the winning condition.

We consider only state based winning conditions. A state-based winning condition in a

control game means that whether a play is considered winning or not depends only on the states

visited during that play, rather than on the specific set of actions or their order.

A trace shall be used to represent the set of actions taken during the game and the partial

order among them thus representing a play. The moves of a play is then a trace that has a run in

B from initial state s0. A run of ATS B is defined in the earlier section. The system moves of

a play are given by a function that maps each finite trace to the next allowed actions.
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Definition 5.2. The trace u is a (control) play of the game G= (B,s0,Win) if, u = (E,≤,λ ) is

a trace over Π̃ and has a run in B from s0. i.e.

∀c,c′ ∈Cu : [c a−→u c′ =⇒ B(c) a−→ B(c′)]

A play u is said to be maximal if there is no play u′ such that u is a proper prefix of u′.

To effectively navigate a control game G, players employ strategies.

Definition 5.3. A (control) strategy in G= (B,s0,Win) is a tuple τ = (τi) where τi is a strategy

for process i. A strategy for process i is a function τi : TR∗(Π)→ 2Π that associates with each

finite trace u a "set of actions" such that:

1. all environment actions are allowed: Πucon ⊆ τi(u)

2. the decision depends only on the view of the process: τi(u) = τi(∂i(u))

The first condition ensures that any system move does not restrict the environment move.

The second condition ensures that any process makes its choices based only on the causal past.

Definition 5.4. Let τ = (τi)i∈P be a control strategy in G. A control play u in G from initial

state s is said to conform τ if

∀c,c′ ∈Cu : [c a−→u c′ =⇒ ∀i ∈ loc(a) : a ∈ τi(c)]

We denote the set of all plays that conform τ as plays(B,τ). A control strategy τ is said

to be winning if all maximal plays conforming it are in winning set Win.

This condition ensures that any configuration is derived from its immediate prefix and the

system choice given by the strategy.

Recall that the decidability question for both games is: “Does there exist a winning strat-

egy?” We describe the various classes of control games for which this question has been
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addressed. One line of work studies local reachability winning conditions [Genest et al., 2013],

where every process has a set of target states Fi ⊆ Si. These target states are blocking, mean-

ing they have no outgoing transitions. In particular, tree architecture games—where the com-

munication architecture is acyclic, and each process communicates only with its parent and

children—are shown to be decidable in non-elementary time, with matching lower bounds.

Another setting considers ω-regular local specifications , [Muscholl and Walukiewicz, 2014],

which are also shown to be decidable in tree architectures. A more general class is that of

decomposable games with termination conditions [Gimbert, 2017], where each process is re-

quired to terminate its computation in finite time in a final state. Decomposable games subsume

several known formulations, including tree architectures, series-parallel systems [Gastin et al.,

2004], and connectedly communicating architectures [Madhusudan et al., 2005], and are proven

to be decidable. Despite these positive results, there are strong undecidability results: even for

simple objectives such as local reachability, termination, or deadlock-freeness, asynchronous

games with as few as six processes are undecidable [Gimbert, 2022], underscoring the inherent

complexity of distributed synthesis problems.

5.2 Equivalence of Control and ATS Games under State-Based

Conditions

In control games actions are partitioned into controllable and uncontrollable sets. Each individ-

ual process can enable or disable a subset of controllable actions based on its own causal past;

these choices are then scheduled, allowing processes to share and update their causal pasts. To

construct an equivalent ATS game, we introduce nondeterministic local actions that let each

process select a subset of controllable actions. Subsequently, deterministic transitions allow the

environment to act as a scheduler, determining the next global state, after which the participating

processes exchange their causal pasts.

We illustrate this in Fig. 5.5. Say loc(b) = {i, j} and sb is a b-state such that sb(i) = si and

sb( j) = s j. Then Part(a) shows an interaction in a control game in the presence of a controller.

Process i and j based on their local pasts allow the set of actions {a,b} and {a,b,c} respectively.

The control choices are depicted in bold inside circles in the Fig. 5.5. Then action b present
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(a) (b)

i . . .

j . . .. . .s j

. . .si aaa,bbb

aaa,,,bbb,,,ccc
b s′b

i . . .

j . . .. . .s j

. . .si oi si ,{aaa,,,bbb}

o j s j ,{aaa,,,bbb,,,ccc}

b s′b

Figure 5.5: Control to ATS

(a) (b)

i . . .

j . . .. . .s j

. . .si

b sss′′′bbb

i . . .

j . . .. . .s j

. . .si

b
sb,b

sb,b sss′′′bbb

sss′′′bbb

s′b s′b

Figure 5.6: ATS to control

in the chosen sets of all participating processes is scheduled. The next state is given by the

deterministic transition system. In Part(b) the same interaction is played out in an ATS game. To

construct an ATS game we introduce local non deterministic choice actions oi for each process

to allow each process to make a choice. A strategy in the ATS game capture the controller

choices in the local choices made on these actions. The system choices here based on the

controller are depicted in bold.

We next move to the construction of an equivalent control game from given a ATS game.

In this translation, environment moves in the ATS game—where the environment plays ac-

tions—are modeled as uncontrollable actions in the control game. Controllable actions corre-

spond to joint states for each action in the ATS game, enabling the system to choose its next

move. In an ATS game, when the environment plays an action, all processes participating in that

action know the entire causal past before deciding on the next state. To capture this in a control

game, each environment move (modeled as an uncontrollable action) deterministically stores

this move in the participating processes, effectively synchronizing their causal pasts. Each pro-

cess can then enable or disable the next combined state of the participating processes, which is

subsequently scheduled as a controllable action.

In Fig. 5.6 Part(a) an ATS game interaction is shown. Environment chooses an action b

and participating processes share their histories and then choose b-state s′b among the possible

successors. The system choice is depicted in bold. To simulate this same interaction in a
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control game we introduce joint states as controllable actions as shown in Part(b). In the control

game, after b is scheduled, which is modeled as an uncontrollable action, the environment

choice is deterministically stored in all participating processes, also allowing them to share

histories. They then individually make their choice of the next joint state known in the form of

a controllable action. This action, when scheduled, changes the joint state to the desired one

deterministically. Here also, the control choices derived from the system choices in the ATS

game are depicted in bold inside circles.

These constructions are formally stated in later sections and establish a correspondence

between plays in the two game models, which in turn ensures that strategies and winning con-

ditions are preserved.

5.2.1 Reduction from Control Games to ATS Games

In the following lemma, we state that for every control game we can construct an equivalent

ATS game. It is equivalent in the sense that there exists a winning strategy for the Control game

iff there exists a winning strategy for the corresponding ATS game. This section is dedicated to

construct such a game and proving its equivalence.

Lemma 5.7. [Con < ATS] For any state based winning condition given an control game G over

distributed alphabet Π = Πcon ⊔Πucon we can construct an ATS game G′ over a distributed

alphabet Π′ with the same number of processes and comparable number of actions such that

there is a wining strategy in G iff there is a winning strategy in G′.

Construction: Given an control game G = (B,Win), where B = ({Qi},{ c
a−→}) is a de-

terministic ATS over Π = Πcon ⊔Πucon, we construct an ATS game G′ = (B′,Win′) where

B′ = ({Q′
i},{

a
↪−→}) is a non deterministic ATS over Π′ as follows. We use loc′ to denote the

location function in the ATS game.i.e. i ∈ loc′(a) if a ∈ Π′
i :

1. States: The set of states Q′
i for any process consists of the set of pure states and impure

states. The set of pure states is given by Qi. The set of impure states are Qi states

augmented with a set of actions that the process can choose in that state, i.e., Qi × 2Π.
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Therefore,

Q′
i = Qi ∪ (Qi ×2Π).

2. Actions: The set of actions Π′ is the union of two types of actions. Actions in Π are

deterministic. Another set of actions we call choice actions allows non-determinism. It

contains an action oi for each process i. These choice actions are enabled at every pure

state and allow the system to specify which deterministic actions are permitted by the

system in the ATS game.

Π
′ = Π∪{oi | i ∈ P}.

The location of each choice action oi is given by loc′(oi) = {i}, while for action a ∈ Π :

loc′(a) = loc(a). In other words,

Π
′
i = Πi ∪{oi}

3. Transitions on choice actions from pure states: For each oi ∈ Π′
i

qi
oi
↪−→ (qi,X),

is a transition if qi ∈ Q and X is any set of actions in Π containing all uncontrollable

actions i.e. Πucon ⊆ X ⊆ Π. In a pure state, only this choice action is allowed, enabling

the system to select its controllable actions without interfering with uncontrollable ones.

4. Transitions on deterministic actions from impure states: Once the processes have

chosen their action sets, the next state is determined by the chosen actions. For a ∈ Π

where loc(a) = {i1, i2, . . .},

((qi1,Xi1),(qi2,Xi2), . . .)
a
↪−→ q′a,
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is a transition if a ∈ Xi1 ∩Xi2 ∩ . . . and q′a is the unique a successor of qa = (qi1,qi2...) state

i.e. qa c
a−→ q′a. This allows the environment to choose the next action among all available

options from the system and uncontrollable actions.

5. Play correspondence:

We define a function ContoAtsCon : TR∗(Π) → TR∗(Π′) that maps a play u in con-

trol game G to a unique trace t in B′ in game G′. For example, if u = abc and t =

ContoAtsCon(u) then

t = oaaobbocc where oa = oi1oi2 . . .oik for loc(a) = {i1, i2, . . . , ik},

We then define the function ContoAtsAts : TR∗(Π′)→TR∗(Π) as the inverse of ContoAtsCon

which maps a trace t to u iff u is the restriction of t to the action set Π.

6. Winning Conditions:‘ The winning set Win′ in the ATS game is defined as the set of

plays corresponding to the winning set Win in the control game. i.e. Win′= {(t,ρ) a play in G′ |

ContoAtsAts(t)∈Win}. Note that if the winning condition Win is state based the winning

condition Win′ can also be expressed as a state based winning condition.

Note that u has a run in B if and only if ContoAtsCon(u) has a run in B′.

Natural Strategy in G′ derived from G: Given a control strategy τi in G from state q0, we

construct a corresponding ATS strategy τ ′ from q0 in G′ by selecting the next set of allowed

actions according to τi. For ε τ ′(ε) = q0.

Let t be a trace pointed in local action oi. Then the choice of τ is stored in the next state

by strategy τ ′ along with the current state. The present state allows for the validity of transition

in G.

τ
′(t)i = (B(u)i,τi(u)) : u = ContoAtsAts(t)
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For t pointed in an action a ∈ Π, action a is deterministic and

τ
′(t)a = B(u)a : u = ContoAtsAts(t)

Note that control choices in G in control strategy τ are non-deterministic: the actions

in a play are consistent with one of many possible control choices, and only one of them is

scheduled. In contrast, in G′, the system’s choice in ATS strategy τ ′ is deterministic. Among

the choices given by control one can be randomly chosen using the combined knowledge of the

participating processes.

This resolution cannot be made deterministic in G, since choices there are made by each

process in isolation. Hence, a play u in G conforming τ corresponds to the unique play

(ContoAtsCon(u),τ ′) in G′. Moreover, although B′ is non-deterministic, the states visited in

a run, when restricted to Qi, coincide with those in the corresponding run of B.

Claim 5.8. If τ is a control strategy in G from state q0 then τ ′ is a distributed strategy in G′

from q0.

Proof. We know that τ ′(ε) = q0. Now we prove that τ ′ respects the transitions of B′. Let

u,ua ∈ plays(B,τ) and t = ContoAtsCon(u) be in the domain of τ ′. We prove that toaa is in the

domain of τ ′ and for i ∈ loc(a), τ ′(t)
oi
↪−→→τ ′(toi) , τ ′(toa)

a
↪−→→τ ′(toaa).

As u = ContoAtsAts(t) we have τ ′(t) = B(u). Then, for i ∈ loc(a), τ ′(t)
oi
↪−→→τ ′(toi) is

established by Item 3 in the construction. τ ′(toa)
a
↪−→→τ ′(toaa) is because of Item 4.

Recall that control choices in G in control strategy τ are non-deterministic. Say aDb and

ub,ua ∈ plays(B,τ). Then in strategy τ ′ both plays (uoaa,τ ′) and (uobb,τ ′) are valid and the

environment can play either a or b after toloc(a)∪loc(b).

Claim 5.9. τ ′ is winning in G′ iff control strategy τi is winning in G.

Proof. A play (t,τ ′) in G′ corresponds to the unique play ContoAtsAts(t) in G that conforms to

τ . Moreover, although B′ is non-deterministic, the states visited in a run, when restricted to
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Qi, coincide with those in the corresponding run of B. Therefore, τ ′ is winning in G′ iff control

strategy τi is winning in G.

Natural Strategy in G derived from G′: Given a strategy σ in G′ from initial state q0 ∈ QP ,

we construct a corresponding strategy σ ′
i in G from initial state q0 by selecting the next set of

allowed actions based on σ . Note that for any valid strategy σ in G′, σ(ContoAtsCon(u)) =

B(u).

σ
′
i (u) = X : σ(ContoAtsCon(u)oi)i = (qi,X) for qi = B(u)i.

Note that given strategy τ in G let τ ′ be the derived strategy. Then, the strategy τ ′′ for

game G derived from τ ′ is equivalent to τ in the sense that, whenever u is a play conforming

to τ then ∀i : τi(u) = τ ′′i (u). This implies, plays(B,τ) = plays(B,τ ′′). Thus, the following

statements can be proved in exactly the same way as before in the construction of τ ′ from τ .

For completeness we present the proofs as well.

Claim 5.10. If σ is a distributed strategy in G′ then σ ′ is a control strategy in G.

Proof. We know that σ ′
i (u) = X where σ(ContoAtsCon(u)oi)i = (qi,X) for some qi.

As σ is a distributed strategy for any trace σ(t)i = σ(∂i(t))i. Because of the definition of

ContoAtsCon we have if ContoAtsCon(u) = t then ContoAtsCon(∂i(u)) = ∂i(t). Also as oi is a

local action, ∂i(uoi) = ∂i(u)oi. Therefore, σ ′
i (u) = σ ′

i (∂i(u)) and σ ′ is a control strategy.

Claim 5.11. Play u conforms strategy σ ′ in game G iff (ContoAtsCon(u),σ) is a play that is in

game G′ i.e. ContoAtsCon(u) is in the domain of σ .

Proof. Let play u conform to strategy τi. Let t = ContoAtsCon(u). Then, for a configuration c ∈

Ct pointed at oi, σ(c) = (B(ContoAtsAts(c))i,σ
′(ContoAtsAts(c))) : c′ = ContoAtsAts(c) ∈Cu.

For c ∈ Ct pointed in an action a ∈ Π: τ ′(c) = B(ContoAtsAts(c)) where a is a deterministic

action. Item 3,Item 4 in construction ensure the validity of the transitions thus enabling the
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appropriate actions. Therefore, ContoAtsCon(u) is in the domain of σ . The converse follows in

the same lines.

As the states visited in a run in B′, when restricted to Qi, coincide with those in the

corresponding run of B we have the following claim.

Claim 5.12. Strategy σ is winning in G′ iff σ ′
i is winning in G.

Conservation of Winner in strategies: Due to the one to one correspondence of plays a con-

trol strategy is winning in a control game iff the corresponding distributed strategy is winning

in the corresponding ATS game. Claim 5.9 and Claim 5.12 conclude the proof of Lemma 5.7.

Undecidability: The special case of a safety winning condition for six processes is known to

be undecidable for control games. By defining the safety winning condition for the ATS game

using the same set of unsafe states, we obtain an equivalent undecidable game.

5.2.2 Reduction from ATS Games to control Games

Further, to establish equivalence, we prove the following lemma. In the following lemma,

we state that for every ATS game we can construct an equivalent ATS game. This section is

dedicated to construct such a game and proving its equivalence.

Lemma 5.13 (ATS < Con). For any state based winning condition given an ATS game G

over distributed alphabet Σ we can construct a control game G c over a distributed alphabet

Σc = Σcon ⊔Σucon with the same number of processes and comparable number of actions such

that there is a winning strategy in G iff there is a winning strategy in G c.

Construction: Let G = (A,Win) be an ATS game where A = (Si,
a−→) is an asynchronous tran-

sition system over distributed alphabet Σ on the set of processes P and the set of winning plays

is Win. We construct an control game G c = (A′,Winc) where A′ = (S′i,
a↷c) is a deterministic

asynchronous transition system over distributed alphabet Σc = Σcon ⊔Σucon with the same set
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of processes as follows. We use loc′ to denote the location function in the control game i.e.

i ∈ loc′(a) if a ∈ Σc
i

1. Actions: The set Σucon consists of the original alphabet Σ which allows the environment

to schedule and play all actions.

Σ
ucon = Σ, loc′(a) = loc(a).

On the other hand Σcon consists of joint states for each action enabling the system to make

its next move.

Σ
con = {sa | ∃a ∈ Σ : sa ∈ Sa}, loc′(sa) = loc(a).

2. States: The set of states for process i, denoted as Qi, is defined as:

S′i = Si ∪{(sa,a) | a ∈ Σi ∧ sa ∈ Sa}.

We introduce the following terms:

• Pure state: We call an i-state si ∈ Si, which is a single, well-defined state of process

i in G as a pure process i state in game G c.

• Impure state: A state (sa,a) ∈ Sa×{a} for a ∈ Σi, which includes additional infor-

mation about the action a is an impure process i-state in game G c.

3. Transitions from pure states: In a pure state only environment actions are allowed.

When environment schedules a, the next local state for each process is derived by this

choice. Each participating process keeps a copy of the current a-state along with the

environments choice of action a. sa
a↷c (sa,a)|a| is an a-transition in G c if ∃s′a st sa

a−→ s′a

is an a-transition in G . Here, (sa,a)|a| is an a-state where each process in loc(a) has local

state (sa,a). That is the environment can play an action if it is enabled in the current state.

sa
a↷c (sa,a)|a| if ∃s′a st sa

a−→ s′a
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4. Transitions from impure states: In an impure a-state processes participating in a can

locally choose the next a state and it is fired or allowed to be the next choice only if all

participating processes agree on some choice and the new local pure states are assigned

to the participating processes according to this choice. i.e. (sa,a)|a|
s′a↷c s′a if sa

a−→ s′a. If

all processes participating in a choose the next state as s′a this choice can be proceeded

with. Note that in an impure state, all participating processes share the same information

due to the last pure action.

(sa,a)|a|
s′a↷c s′a if sa

a−→ s′a

.

5. Play correspondence:

We define a function AtstoConAts : plays in G → plays in G c that maps a play in ATS

game G to a unique play in G c in this construction from an ATS game to a control game.

Formally an empty ATS play mapsto to an empty control play.i.e. AtstoConAts((ε,ρε)) =

ε . And when play (ta,ρta) extends play (t,ρt) then, AtstoConAts(ta,ρta)=AtstoConAts(t,ρt).a.sa

where sa = ρta(ta)a. For example, let t = abc, and ρ be a run on it. Then, u = asabsbcsc

where sa = ρ(a)a,sb = ρ(ab)b,sc = ρ(abc)c.

We now define AtstoConCon as the inverse of AtstoConAts. This establishes a one-to-one

correspondence between plays. By a slight abuse of notation when AtstoConCon(u) =

(t,ρ) we also use AtstoConCon(u) to also denote trace t. Whether we are referring to t or

(t,ρ) will be clear from context.

6. Winning Conditions:

The winning set Winc in the control game is defined as the set of plays corresponding

to the winning set Win in the ATS game. i.e.Winc = {u | AtstoConCon(u) ∈ Win}. Note

that if the winning condition Win is state based the winning condition Winc can also be

expressed as a state based winning condition.

Finally, we require that the controller produce a deadlock-free control strategy. In ATS

games, a play is interpreted as winning or losing only if it is maximal, i.e., it cannot be

extended. Therefore, whenever a play can be extended, the control strategy must extend
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it.

We want to demonstrate that “there exists a winning strategy in G if and only if there exists

a winning strategy in G c.” We proceed by arguing in both directions:

Natural Strategy in G c from G : Given a winning strategy σ in G from s0 ∈ SP , we define

the corresponding strategy σ ′ from s0 in G c as follows:

• If a state sP is a pure P-state sP ∈ SP, all P actions enabled in sP in G are enabled in

G c. All enabled actions are environment actions. A control strategy does not restrict the

environment’s move.

• If a process is in an impure state (sa,a) after participating in action a, all processes par-

ticipating in a choose the next pure a state given by σ as the next allowable action and

deterministically move to it. For u pointed at a and i ∈ loc(a)

σ
′
i (u) = σ(t)a : t = AtstoConCon(u)

Conservation of Winning Condition : Since Winc is defined such that a play is winning in

G c if and only if the corresponding play in G is winning, σ ′ is a winning strategy in G c.

The following statements can be proved in exactly the same way as in the construction of

an ATS game from a control game. For completeness we present the proofs as well.

Claim 5.14. If σ is a distributed strategy in G then σ ′ is a control strategy in G c.

Proof. Due to locality of action, A(t)i = A(∂i(t))i. As σ ′
i (u) = σ(t)a : t = AtstoConCon(u),

σ ′
i (u) = σ ′

i (∂i(u)). Therefore, the strategy is distributed.

Claim 5.15. Play (t,σ) conforms to strategy σ in game G iff AtstoConAts(t,σ) conforms strat-

egy σ ′ in game G c.

Proof. For the base case, we know that AtstoConCon(ε) = (ε,ρε) and ε conforms σ ′ and (ε,ρε)

conforms σ . As this is a pure state all enabled actions are environment actions. Let play

94



(t,σ) and (ta,σ) conform strategy σ . Let u = AtstoConAts(t,σ) conform strategy σ ′. Then

u.a.sa =AtstoConAts(ta,σ) also conforms strategy σ ′ because of Item 3 for deterministic action

a and Item 4 for non deterministic action sa.

The converse also follows in the same lines.

Since the state sequence in a play restricted to pure states is identical in to the both games,

a play in G c is winning (i.e., in Winc) if and only if the corresponding play in G is winning (i.e.,

in Win). Thus, the winning party is preserved under the correspondence of plays. As a direct

implication of the this, we get the following-

Claim 5.16. Strategy σ is winning in G iff σ ′
i is winning in G c.

Natural Strategy in G from G c : Suppose there exists a winning strategy τ in G c from s0 ∈

SP . We define the corresponding strategy τ ′ from s0 in G inductively as follows. τ ′(ε) = s0.

For a trace ta pointed at a

τ
′(ta)a = sawhere ∀i ∈ loc(a) : sa ∈ τi(AtstoConAts(t,τ ′).a)

Such an sa always exists as we require a deadlock free strategy in G c.

Note that given strategy σ in G let σ ′ be the derived strategy in game G c. Then, the

strategy σ ′′ for game G derived from σ ′ is equal to σ , i.e. t is in domain of σ iff it is in domain

of σ ′′ and σ(t) = σ ′′(t). Thus, the below statements follow.

Conservation of Winning State : Given that Winc and Win are in one-to-one correspon-

dence, the strategy τ ′ should be a winning strategy in G if τ is a winning strategy in G c.

Claim 5.17. If τ is a control strategy in G c then τ ′ is a distributed strategy in G .

Proof. We know that τ ′(ε) = s0. Now we prove that τ ′ respects the transitions of A. Say u,uasa

conform strategy τ and t = AtstoConCon(u) is in the domain of τ ′. We prove that ta is in the
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domain of τ ′ and τ ′(t)
a

↷↷c τ ′(ta).

As A′(u)a
a↷c (A′(u)a,a)a according to Item 3 and (A′(u)a,a)a sa↷c sa according to Item 4

are valid transitions only if ta is in the domain of τ ′ and A′(u)a
a−→ sa where according to defi-

nition of τ ′, forall i ∈ loc(a) : sa ∈ τi(ua). Then, τ ′(t)a = A′(u)a and τ ′(ta)a = A′(uasa)a = sa.

A′(u)a
a−→ A′(uasa)a.

Claim 5.18. Play u conforms strategy τi in game G c iff play AtstoConCon(u) conforms strategy

τ ′ in game G .

Proof. For the base case, we know that AtstoConCon(ε) = (ε,ρε) and ε conforms τ ′ and (ε,ρε)

conforms τ . Let play u,uasa conform to strategy τ . Let (t,τ ′) = AtstoConCon(u) then t is in the

domain of τ ′ and the play also conform τ ′. Then from Item 3 and Item 4 we can see that ta is

also in the domain of τ ′ and (ta,τ ′) also conforms τ ′ and is the same as AtstoConCon(uasa).

Since the state sequence in a play restricted to pure states is identical to corresponding play

in the corresponding game, a direct implication of the above two claims, we get the following-

Claim 5.19. Strategy τi is winning in G c iff τ ′ is winning in G .

Conservation of Winner in strategies: Thus, if there is a winning strategy in G , there is a

corresponding winning strategy in G c, and vice versa. We conclude that "there is a winning

strategy in G if and only if there is a winning strategy in G c", validating that the games G and

G c are essentially equivalent in terms of winnability.

5.2.3 Implications of the Equivalence

The equivalence between control games and ATS games has significant implications. It extends

the known undecidability results from control games to ATS games, revealing the inherent

complexity of analyzing distributed systems under these models.
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At the same time, this equivalence enables results established for control games to carry

over to ATS games, and vice versa, thereby unifying the two frameworks. While carrying

out such translations may need further investigation it allows insights from control games to

directly enrich our understanding of ATS games, and vice versa, leading to a more cohesive

view of distributed synthesis.
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Chapter 6

Conclusion and Future work

In this work, we investigated distributed games in the framework of asynchronous tran-

sition system (ATS) games, focusing in particular on two special cases that naturally arise in

this model: two-process ATS games and games with a central decision maker (CDM). These

cases are not only easily formulated within the ATS framework, but also capture practically

relevant scenarios in distributed synthesis. Thanks to the equivalence we established between

ATS games and control games, results obtained in one model can be systematically lifted to the

other, thereby unifying the two frameworks. Further exploring the connections between ATS

games and other models of distributed synthesis to unify disparate approaches is left for future.

For two-process ATS games, we studied objectives- global safety, local reachability, and

global reachability. Our results address two aspects: first, the decidability of whether there ex-

ists a winning strategy; and second, the memory structure of such strategies, where we establish

both upper and lower bounds. We provide fixpoint-based techniques for computing winning

regions, inspired by classical solutions in two player full information games. Extending these

results to more general objectives—such as parity conditions—offers a natural and interesting

direction for future work.

For CDM games—where all non-deterministic choices are controlled by a single pro-
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cess—we established two main results: first, we proved that deciding the existence of winning

strategies for global safety and local parity objectives is EXPTIME-complete; and second, we

described optimal memory structures for these strategies whenever they exist. Generalizing

these results to ω-regular winning conditions is a natural next step. We expect that analogues of

the Büchi–Landweber theorem should hold—namely, that whenever a winning strategy exists,

there is also a finite one. Establishing this formally will be the subject of future work.

In summary, this work advances the theory of distributed synthesis by introducing a unified

framework that captures both classical and asynchronous settings, while addressing decidability

and implementability questions in practically meaningful cases. The ATS model, along with our

results for two-process and CDM games, opens several directions for future work—including

extending to full ω-regular objectives.
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